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| kapitel 5.4 studeras kurvtagning for tre fall:

o Konstant radie, figur 5.15.
@ Konstant hastighet, figur 5.16.
o Konstant styrvinkel, figur 5.17.

Jag kommer nu att ga igenom sambandet mellan kurvorna i figurerna och
dackens (olinjara) egenskaper.

Jan Aslund (Linkdping University) Vehicle Dynamics and Control Lecture 6 2 /49



Kurvtagning: Figur 5.15
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Kurvtagning: Figur 5.16

V =CONSTANT

STABLE | UNSTABLE
.1 UNDERSTEER ———
w
u / OVERSTEER
% 7 NEUTRAL
ﬁ /S STEER
5|/

LATERAL ACCLERATION V*Rg

Jan Aslund (Linkdping University) Vehicle Dynamics and Control Lecture 6



Kurvtagning: Figur 5.17
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Kurvtagning: Utgar fran en olinjar modell

Utgdr fran att F,r och F), ar givna som funktioner av .

r
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Normalkrafter och laterala krafter

De laterala krafterna ges av

Fyf + Fyr = may
Fyeh — Fyely =0

Normalkrafterna ges av

sz+Fzr:mg
szll_Fzrl2:O

Vi kan som tidigare berakna krafterna, men genom att studera
ekvationerna kan man inse att:

Fyf . Fyr _ ay o V2

sz Fzr_g_g?
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Arbetsgang

Vi beraknar forst normalkrafterna

/
sz:mgi
/
Fz,:mgi

Darefter ritar vi de skalade

kurvorna Fyr/F,r och Fy./F,.. For en baktung
bil far vi kurvorna

f

mn
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Arbetsgang

For en given kurvradie och hastighet ar som bekant
B B _a V2
Fr For g gR
Genom att ta skillnaden mellan vinklarna af och «, i horisontell led far vi

kurvan

3y
g

af — Qp
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Konstant radie

Studerar nu fallet att radien R ar konstant. Styrvinkeln ges som vanligt av
ekvationen

(Sf == E + af —
Detta samband kan avlasas i figuren

3y
g

of

oF — L/R

Jamfor med figur 5.15.
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Understyrningsgradienten K|

| det olinjara fallet med konstant kurvradie ges understyrningsgradienten

av derivatan
d(dr)

Kys = ———~
o d(ay/g)
Konsistent med definitionen i det linjara fallet da

L a
of = E‘FKusEy

For okande hastighet s3 galler som tidigare att

@ Jf Okar om K,;s >0
@ Jf oférandrad om Kys =0

@ Jf minskar om K s <0
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Konstant hastighet

Studerar nu fallet att hastigheten V ar konstant.

Det galler fortfarande att

L
(Sf == E + af —
dar
L gL V2 gL a,
-_— = 72 D 72 * —_——
R V2 gR Ve g
konst.
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Konstant hastighet

Sambandet mellan styrvinkeln df och laterala accelerationen kan lasas av i
figuren

a
g
L a
L/R— &%

Of

of — L/R

Jamfor med figur 5.16.
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Konstant styrvinkel

Slutligen studerar vi fallet dar styrvinkeln d¢ ar konstant.

3y
g

Of

/

af — o L/R
| detta fall kan vi avlasa hur krékningen 1/R beror av a,/g.

Jamfor med figur 5.17.
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Stability of a shopping cart

The Americana’s CC-12 Double Basket Convenience Metal Wire Shopping
Cart (Available in ten different colors):
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Stability of a shopping cart:

The stability of the shopping cart will now be analyzed. Assume that
shopping cart is moving on a straight line and at some point the steady
motion is perturbed. We begin with the derivation of the equations of

motion and a body-fixed coordinate system attached to the center of mass
of the cart will be used in the analysis:
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Stability of a shopping cart: Body-fixed coordinate system

For any time dependant vector u measured in a body-fixed coordinate
system rotating with angular velocity w, the absolute rate of change is

du @

E T dt el

where the first term in the right-hand side denotes the rate of change of
the vector seen in the body-fixed coordinate system.
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Stability of a shopping cart: Body-fixed coordinate system

b LY

p— v,

——0

With the velocity vector as u and the system rotating around the z-axis,
(pointing downwards) with angular velocity Q,, the relation

du du
dt " dtle M
becomes
ax Vi 0 Vi Ve —Q.V,
a =V, | +10|x|Y]|]=(V+Q,V
az 0 Q. Vv 0
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Transient beteende

Anvander ett koordinatsystem som ar fixt i forhallande till bilen.
Forsta ordningens approximation av hastighetsandringen i x-led:

(Vi + AV )cos A — (V, + AV,)sin A — V, ~ AV, — V,Af
Dela med At och Idt At gd mot noll:

dVy do

== Vg

=V, — V,Q,
Pa samma satt fas i y-led:

(V, + AV,) cos AG + (Vi + AV, ) sin A — V, ~ AV, + VA0

dv, do

ay, = dty+vd Vy + ViQ,
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Figur 5.18

AT t
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Stability of a shopping cart

SR
-] i

With a, = VX —Q,V, and a, = Vy + Q,V, the plane equations of motion

for the shopping cart become
m(Vye —Q,V,) =0
m(V, +Q,V) =F

,Q, = —hF

It is assumed that the side velocity at the rear is equal to zero, i.e.,
V, —hQ, =0

Vehicle Dynamics and Control Lecture 6

Jan Aslund (Linkdping University)



Stability of a shopping cart

The three equations

L,Q, = —hF
m(V, +Q, V) =F
V, = hQ,

give
1,Q, = —hF = —hm(V, + Q. Vi) = —hm(hQ, + Q. Vi)
which can be rewritten as

(I, + m2)Q, + mhV,Q, =0
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Stability of a shopping cart

The solution of the differential equation (I, + m/22)Qz +mhV,Q,=0is

I+ m/22

Q, = —t/T
€ mh Vs

It can be seen that the yaw rate €2, tends to zero as time tends to infinity,
if V> 0. However, this does not imply that the direction of the cart will
return to the direction the cart was traveling in before the perturbation.

If the basic motion is defined as €2, = 0 and V|, = 0, then the perturbed
motion approaches the basic motion and the system is stable.

Above it was assumed that the cart was traveling forward (Vi > 0). If the
cart is pushed backwards (V, < 0) the cart becomes unstable (7 < 0).
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Stability: Question of today

Now, we shall study the stability of the car after a disturbance.

n of motion

We have seen in the previous lecture that the car will tend to turn in
different directions depending on the sign of the understeer gradient K.
Today's question is whether the car will tend to return to the basic motion,
that we define in the same way as before to be 2, =0 and V|, = 0.
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Stability: Equations of motion

The forces acting on the vehicle:

Equations of motions:

m( Vi — VyQ,) = Fur cosdf + Fur — Fyesinof
m(Vy + ViQ,) = Fyr + Fyr cos d¢ + Fyf sin 0¢
IZQZ = Ilef COS(;f - I2Fyr + /1Fxf sin 5,(

The left-hand side is the same as for the shopping cart and V, and V| are
the velocities in the body-fixed coordinate system.

Jan Aslund (Linkdping University) Vehicle Dynamics and Control Lecture 6 25 / 49



Stability: Kinematics

In general:

Vg = Va4 +Ww X A

Jan Aslund (Linkdping University) Vehicle Dynamics and Control Lecture 6 26 / 49



Stability: Kinematics

With A at center of gravity and B at the front/rear wheel:
Q. — V, Q

Vi
Front wheel: Vy | +
0
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Stability: Kinematics

Kinematics from the figure
Model for tire forces

o hRtV,
ar = of— Vi Fyr = 2Corar
o, = I2sz_ Vy Fyr = 2CarOér

From now it will be assumed that the longitudinal velocity Vi is constant
and will play the role of a parameter in the analysis.
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From the previous slides:

m( Vy + ViQ;) = Fyr + Fyrcos df + Fur sind¢
IZQZ = Ilef C056f - /2Fyr + /1FXfSin (5f

hQ, + V, hQ, — V,
Fyf = 2Caf (6f - ]-‘/—i_y> 5 Fyr = 2Car <2‘/y)

Can be rearranged in the form

Lo [ 2h Caf\; 2k Car | V, + [ 2I12C0‘f\j 265 Cor | Q, = 2h Cordf(t)
° ra—
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The system
: 2Car 4 2Car [ 20 Cor —2bCpy |
mV, + | 25t T 2Car |y, g G Z2RCar g e st
Vi I Vi ]
al az
: 211 Cor —2hCy/ ] 212C,r +212C,,
LG, + | htef Z2RCar |y, | SiCarf T 2B Car 1o o Corse(t)
N VX VX _
a3 ;:

can be written in matrix form

Mx + Ax = u(t)

where

_ ay az u— 2Caf6f(t)
az ag|’ 2/1Caf5f(t)
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From the basic course in linear algebra we now that the solution of a
system of linear equations
x = Ax

is a linear combination of vectors in the form
eMX

where X is an eigenvalue of A and X is the corresponding eigenvector.
Assume that the solution of Mx 4+ Ax = 0 is of the form

x(t) = "X

where s i a constant, possibly complex a number. Substitute the
expression into the system of differential equations:

d
Mx + Ax = /x = aeStX = seStX/ =e(sM+A)X =0
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The relation
e’ (sM+ A)X =0

has to fulfilled for all values of t and the only possibility is that the vector
X is the solution of the homogeneous system of equations

(sM+A)X =0
A non-trivial solution (X # 0) exists if and only

det(sM + A) =0

Jan Aslund (Linkdping University) Vehicle Dynamics and Control Lecture 6 32 /49



To summarize the discussion. The procedure to calculate the solutions of
the form

x(t) = X
of the system of differential equations
Mx + Ax =0
is to first determine the eigenvalues s by solving the characteristic equation
det(sM + A) =0

and then for each eigenvalue s determine the corresponding eigenvectors
by solving system of linear equations

(sM + A)X =0
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With
_|m 0 _|a1 a2
v=[o o) =[5 3
where a1, ap, as, and a; was defined by

: 2C.f +2C,r [ 2h Cor — 2bCy ]
m\/y—|— |:f\—/i_:|vy—|- mV, + ! f\/ 2 Qz:2Caf6f(t)

ai

az

. 2h Cor — 2bCyy ] 212C, ¢ +212C,, ]
IZQZ+[ 1or S vy+[ i f\j 2%0r |, — 21 Cor (1)

a3

ay

the characteristic equation becomes

det(sM + A) = det [sm ta & ]
as slyay

= ml,s® + (Iza1 + maa)s + (a1as — axa3) =0
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The system is stable if and only if the solutions of
det(sM + A) = ml,s® + (lza1 + mag)s + (a1as — axa3) =0

are all in the left half of the complex plane. The solutions of a second
order equation
2+ ps+qg=0

is given by the formula

2
p p

s=—=—44/=—

2 Vg 9

| can be seen that solutions are all in the left half of the complex plane if
and only if p > 0 and g > 0. It easy to verify that ml, > 0, and
I;a1 + mag > 0. Hence, stability depends only on the sign of the
expression ajas — a»as.
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Stability

It can be shown that
di1a4 — aras > 0

where a1, ap, a3, and a4 was defined by

mV, + [2@”‘;2%} V, + Vs + 2l1Caf\; 26Car g, 2Carde(t)
ai _ a2 -
19, + [ 2h Caf\; 2hlar |y, [ QIfCM\j 2Cor |0, — 20 Crir(e)
5 ;"

is equivalent to the condition
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Stability: Answer to the Question of the day

The condition

can only be violated if

Kus <0
i.e. the car is understeer and
L
%4 2 _i(us - Vcrit

Answer to the question:

The car is unstable if and only if K,s <0 and V > V.
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Dragbil med semi-trailer: Kurvtagning

Figur 5.26 visar en forenklad modell.

L W, W, \ v?
e (B2

R Coz f Car giR
K

Styrvinkel

Vinkeln mellan dragbil och semi-trailer

L < W, W, > 2
Car Cas gR
e g

Kus,s

r===
R

Forstarkning:
[ Ls/R+ Kuss(V?/gR)

6 Li/R+ Kust(V2/gR)
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Kurvtagning: Figur 5.26
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Dragbil med semi-trailer: Fall 1

Kus,t och Kys s ar bada positiva.

Forstarkningen I'/é¢ ar alltid postiv.

Forstarkningen ar vaxande om Kiss/Kyst > Ls/L; och avtagande om
Kus,s/Kus,t < Ls/Lt-

Se figur 5.27.
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Kurvtagning: Figur 5.27

Kus.t>0and Kyg ¢ > 0

E-dio
el
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Dragbil med semi-trailer: Fall 2

Kus,+ ar positiv och Kys s ar negativ.

For hastigheter over

ar forstarkningen negativ.

Se figur 5.28.
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Kurvtagning: Figur 5.28

r N
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Le Kys.t20 and K5 5<0
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Kuss | N
Kust

Jan Aslund (Linkdping University) Vehicle Dynamics and Control Lecture 6



Dragbil med semi-trailer: Fall 3

Kus,+ ar negativ och Ky s ar positiv.

Nar hastigheten narmar sig det kritiska vardet

L
Vcrit = £t

—Nus,t

gar forstarkningen mot oandligheten.

Bilen falls ihop som en fallkniv (" Jackknifing” ). Se figur 5.29.
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Kurvtagning: Figur 5.29

r
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Dragbil med semi-trailer: Fall 4

Kus,t och Kys s ar bada negativa och Kyss/Kust < Ls/Ls.
Det hander samma sak som i foregdende fall.

Se figur 5.30.
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Kurvtagning: Figur 5.30

Kus.t<0 and Kyg 4<0
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Dragbil med semi-trailer: Fall 5

Kus,t och Kys s ar bada negativa och Kyss/Kyst > Ls/Le.

Forstarkningen blir negativ for hastigheter over den karakteristiska
hastigheten

Nar hastigheten narmar sig den kritiska hastigheten

L
Vcrit = £t

—Nus,t

gar kvoten mot —oo och trailern svanger ut ("trailer swing”).

Se figur 5.31.
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Kurvtagning: Figur 5.31
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