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1. Utg̊a fr̊an borstmodellen för ett drivande hjul med konstant normaltryck
dFz/dx = 35 kN/m i kontaktytan och där friktionskoefficienten mellan
väg och däck är µ = 0.8. Antag att vilo- och glidzonen är 6 cm resp. 8 cm
l̊anga. Bestäm den longitudinella kraften Fx. (6 poäng)

2. Betraktar en kvartbilsmodell med en fjädrad massa ms = 400 kg, en fjäder
med fjäderkonstant k = 25 kN/m och en dämpare med dämpkonstant
c = 2 kNs/m.
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Bilen h̊aller hastigheten 90 km/h och kör p̊a en sinusformad väg med
v̊aglängd 15 m och amplitud 3 mm. Bestäm den fjädrade massans ampli-
tud. (6 poäng)

3. Figuren visar en modell med tv̊a frihetsgrader för att studera hopp- och
nickrörelser.

(a) Ställ upp differentialekvationerna som beskriver bilens rörelser, givet
att m, Iy och alla konstanter i figuren är kända. (3 poäng)
(b) Utg̊a fr̊an a)-uppgiften för att bestämma villkoret för att rörelsen ska
kunna delas upp i en vertikal oscillation och en roterande oscillation med
centrum i tyngdpunkten. (3 poäng)
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4. Figuren visar de krafter som verkar p̊a en bil vid en acceleration.
Bilen har massan 1800 kg och kör p̊a en plan väg. Axelavst̊andet är 2.7 m
och tyngdpunkten ligger 1.3 m bakom framaxeln. Givet är: ha = hd = h =
0.5 m, Ra +Rd = 300 N och rullmotst̊andet försummas. Friktionskoeffici-
enten mellan däck och underlag är µ = 0.8. Bestäm maximal acceleration
om bilen är framhjulsdriven. (6 poäng)

5. En bil med massa 1800 kg kör i en uppförsbacke med lutning 1o och h̊aller
hastigheten 100 km/h. Antag att summan av rull- och luftmotst̊and ges
av Rr + Ra = a+ bV 2, där a = 200 N och b = 0.5 Ns2/m2. Hur mycket
kommer bilens hastighet att minska p̊a 50 m om man frikopplar? (6 poäng)

6. Betraktar en dragbil med semitrailer. Dragbilen väger 5000 kg och tyngd-
punkten ligger mitt mellan fram- och bakaxeln. Semitrailern väger 14000 kg
och tyngdpunkten ligger 6 m bakom dragbilens bakaxel. Avst̊andet mel-
lan dragbilens axlar är Lt = 4 m och avst̊andet mellan dragbilens och se-
mitrailerns bakaxlar är Ls = 9 m. Sidkraftskoefficienterna för dragbilens
hjulpar är 2Cαf = 2Cαr = 5 ·105 N/rad och för 2Cαs = 1.0 ·106 N/rad för
semitrailerns hjulpar. Avgör om man riskerar “jackknifing” eller “trailer
swing” vid stationär kurvtagning och, om s̊a är fallet, vid vilken hastighet
detta sker i s̊a fall. (6 poäng)
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7. Figuren i bilagan visar hur lateral kraft beror av avdriftsvinklarna för
fram- resp. bakdäcken. Antag att bilen h̊aller konstant hastighet 70 km/h
och kör p̊a en cirkel med radien 80 m. Axelavst̊and är L = 2.8 m och
tyngdpunkten ligger 1.3 m bakom framaxeln. Bilens massa är 1800 kg.
Bestäm styrvinkeln. Markera i figuren vilka värden du läser av och glöm
inte att lämna in figuren. (7 poäng)

8. Betrakta följande modell av en lastbil sedd bakifr̊an vid en vänstersväng.

3. ROLLOVER INDICES
In this paper, two common choices of rollover indices are employed 
to assess the risk of rollover, namely lateral-acceleration based and 
lateral load-transfer based. These indices are here explained and 
analyzed, as well as compared.

Figure 3. Simplified models for roll dynamics. The forces correspond to the 
vehicle moving into the page and turning left.

3.1. Definition of Rollover Indices
A forward moving vehicle entering a turn is depicted in Figure 3. As 
the vehicle is negotiating a turn, a lateral acceleration ay is developed 
and the vehicle begins to roll. The vehicle also experiences a lateral 
load transfer, from which the vertical force of the outer wheels 
becomes greater than the force for the inner wheels, i.e. Fz,outer > 
Fz,inner. If the lateral acceleration during the turn is too large the 
vehicle may begin to rollover, where the roll angle is increased to a 
non-recoverable critical value, ϕro,crit, and the inner wheels lose 
contact with the ground, i.e. Fz,inner = 0. The rollover event can be 
mathematically described as

(20)

Wheel lift-off is however undesired for safety and comfort reasons. 
The vehicle speed should therefore be chosen such that all wheels are 
in contact with the ground, at all times, for a given turn, maneuver, or 
combination of curves. Hence, the conditions for (20) are relaxed, 
and a more conservative rollover event is defined when the inner 
wheels start to lift off the ground, i.e.

(21)

A method to assess the risk of rollover is to directly gauge the load 
transfer. The dimensionless lateral load transfer ratio (LTR) is 
deployed for this purpose, which is defined as the lateral load transfer 
normalized by the total vertical load, given by [9]

(22)

where Fz,left and Fz,right are the vertical loads on the left and right 
wheels respectively. However, if the intention is to prevent any wheel 
from lift-off, each wheel axle has to be treated separately. Thus, the 
normalized lateral load-transfer, for each individual axle, is given by

(23a)

(23b)

(23c)

(23d)

Note that the necessary and sufficient condition for rollover to occur, 
as defined in (21), is for the lateral load transfer to reach .

Apart from analyzing the transfer of vertical forces, the risk for 
rollover can also be determined using the lateral acceleration, ay. For 
rollover assessment, the following definition of dimensionless lateral 
acceleration is widely adopted, given by [14]

(24)

where g is the gravitational acceleration.

3.2. Limits of Rollover Indices
The maximum allowable values for the rollover indices before 
rollover are estimated based on two simplified models illustrated in 
Figure 3. The first model considers the vehicle as a rigid body, while 
the second model examines the roll dynamics of a suspended sprung 
mass. To reflect practical situations where wheel lift-off is 
undesirable, the rollover definition given in (21) is adopted in the 
following analysis.

As alluded in the last subsection, the necessary and sufficient 
condition for rollover is . Therefore, the allowed lateral 
load-transfer during trajectory planning can be set to

(25)

Furthermore, the allowed lateral acceleration, preventing wheel lift, 
can be determined using the roll models. The first approximation of 
the allowable normalized lateral acceleration, āy,ro1, is determined 
from the rigid model and assuming steady-state conditions. By setting 
Fz,inner = 0, moment equilibrium returns [14]
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Den övre delen väger m = 1.7 ·104 kg och sitter ihop med den nedre delen
i en led med en torsionfjädring som ger ett moment

T = Kφφ+Dφφ̇

där Kφ = 1.4 · 106 Nm/rad, Dφ = 1.28 · 105 Nms/rad. Massan för den
nedre delen kan försummas. Vidare gäller att hrc = 0.6 m, w = 1.0 m
i figuren och att tyngdpunkten ligger p̊a höjden hcg = 1.4 m ovanför
marken.
Antag stationär kurvtagning med en kurvradie R = 80 m. Vad är den
högsta hastigheten som lastbilen kan h̊alla utan att inre hjulet tappar
kontakt med underlaget? Ni kan göra approximationerna sinφ ≈ φ och
cosφ ≈ 1. (7 poäng)
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Bilaga
Lateral kraft per däck, ej per däckpar, som funktion av avdriftsvinklarna:
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