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Abstract: We investigate optimal maneuvers for road-vehicles orediffit surfaces such as asphalt,
snow, and ice. The study is motivated by the desire to findrobstrategies for improved future
vehicle safety and driver assistance technologies. Baseghdier presented measurements for tire-
force characteristics, we develop tire models correspantdi different road conditions, and determine
the time-optimal maneuver in a hairpin turn for each of thélee obtained results are discussed
and compared for the different road characteristics. Ounriadings are that there are fundamental
differences in the control strategies on the considerddses, and that these differences can be captured
with the adopted modeling approach. Moreover, the path efvithicle center-of-mass was found to
be similar for the different cases. We believe that thesdrfgalimply that there are observed vehicle
behaviors in the results, which can be utilized for deveigphe vehicle safety systems of tomorrow.

1. INTRODUCTION

Motivated by the desire to devise improved safety syste
for vehicles and driver assistance technologies, devedopm
of mathematical models and model-based control strateg
for optimal vehicle maneuvers in time-critical situatidmsve 3 sl
emerged as powerful tools during the past years. Even thou AU - "’1,
the solution to an optimal control problem depends on the pe =il \ e
ticular choice of model and cost function, the fundamengal b : ; =
havior and control strategies found by optimization can $edu -ﬂ
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as inspiration for, or be integrated in, future safety-sys.

One step towards this is to study the behavior of a vehicle
a time-critical maneuver under varying road conditioas,
dry asphalt and snow. Therefore, we investigate a hairpin mat al., 2012). We presented a method for determining optimal
neuver, see Fig. 1. The objective is to perform the maneuveraneuvers and a subsequent comparison using different meth
in minimum time, while fulfilling certain constraints on the ods for tire modeling in (Berntorp et al., 2013). Furtherpane
control inputs and internal states of the vehicle. This rseamparison of optimal maneuvers with different chassis modats
that the vehicle, and in particular the tires, are perfogran treated in (Lundahl et al., 2013). Scaling of nominal tiredels
their limits. We utilize established vehicle and tire madgl for different surfaces was discussed and experimentallfiee
principles, and present a model-based optimal controllprob in (Braghin et al., 2006). Even though the vehicle and tire
with the solution thereof for different road conditions.dddi- models utilized in this paper are similar to those preseintéue

tion, we investigate how to scale the tire models for différe mentioned references, previous research approachesdoeus
surfaces. By this study, it is plausible that the understand particular vehicle model on a specific surface. Compariséns

of vehicle dynamics in extreme situations under environtalen optimal control maneuvers for different road conditiongéha
uncertainties is increased. been made, see (Chakraborty et al., 2011), but are limited to
varying the friction coefficient, and we show that important
tire-force characteristics might be neglected with thatrapch.

. . ! To the best of knowledge, hensi h t
Tsiotras, 2005; Velenis, 2011) for different examples.Kally 0 INe HEst O OLIT KNOWISCYE, MO COMPrENSnsive approach 1o

: X . . erform comparisons of optimal control maneuvers for diffe
and Sharp, 2010) the time-optimal race-car line was inves b b

gated, and in (Sharp and Peng, 2011) a survey on existiggésrgr?i}g%g?gons has been made, which motivates the study

vehicle dynamics applications of optimal control theoryswa
presented. Other examples are (Sundstrom et al., 2018gFun 2 MODELING

iI'E‘ig. 1. An example of a partly snow-covered hairpin turn.

Optimal control problems for vehicles in time-criticalgitions
have been studied in the literature previously, see (Veland
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Table 1. Vehicle parameters used in (1)—(14).

Notation Value Unit
I 1.3 m
Iy 1.5 m
; m 2100 kg
Ry I 765 kgr?
‘ lyy 3477 kgn?
[ 3900 kgn?
Fig. 2. The single-track model including roll motion about R 0.3 m
the x-axis, resulting in a four degrees-of-freedom chassis hw 4.0 kgm;
model. 9 9.82 ms
h 0.5 m
2.1 Vehicle Modeling Ky 178000  Nm(rad)*
Dy 16 000  Nms(rad)!
The vehicle model considered is a single-track model (Kienc v+ 11
and Nielsen, 2005; Isermann, 2006) with lumped right and lef as = 6—atan(u) , 9)
wheels. In addition, a rotational degree of freedom aboeit th Vx
x-axis—.e., the roll—has been added. The coordinate system o — —atan(vy_ |r‘-/-’) (10)
is located in the ground plane, at tlxg-coordinates of the = Vi ’
center of mass for zero roll angle, see Fig. 2. The motivation Ry — Vy 1
for the single-track model is twofold; first, we are aiming fo Kt = T’a (11)
models possible to utilize together with dynamic optimizat warx’_v
algorithms. Second, we want to investigate what propedies Kp = —— X (12)
a vehicle that can be captured with this comparably simple Vxr o
model. The roll dynamics is of importance, in order to verify Vi f = VxCOY(8) + (v + 1) sin(d), (13)
that the vehicle is not overbalancing in the aggressivepirair Vir = V. (14)

maneuver. The model does not incorporate load transfer, be vehicle and wheel parameters used in this study are pre-

the effect of this has previously been investigated in (laiid
et al., 2013). The model equations are

Mg = Fx +my ) — mhs,) — 2mheepi, (1)
MYy = Fy — M — mhg,r? + mhoe, — me*hsy,  (2)
. Mz—Fxh
R e €)
) zzC(p-l— Sy .
Fx =F{cs+F —F/ss, (5)
R =Fcs+F +Fss, (6)
Mz =R/ cs— IRy + 1R ss, 7)

wherecy, s, are short for cogp) and sir{g), and similarly
for ¢, S5. Further,m is the vehicle masd) is the height of
the center of masdy; is the vehicle inertia about theaxis,
Aly, = lyy— Iz @ is the yaw rate,p is the roll angle,d
is the steering angle measured at the wheglsvy are the
longitudinal and lateral velocitie$;, I, are the distances from
the center of mass to the front and rear wheel bageF,

sented in Table 1.

The nominal tire forces+e., the forces under pure slip
conditions—are computed with a simplified Magic Formula
model (Pacejka, 2006), given by

Flo = UxF) sin(Clatan(Bl ki — E!(B.k; — atarBik;))), (15)

F)iq = pyF; sin(Clatar(B} o — E}(B,a; — atarB}a;))), (16)

Fr=mgl—1i)/l,i=f,r, wherel =1; +]1,. a7)
In (15)—(17),ux and Ly are the friction coefficients anfl, C,
andE are model parameters. Combined slip is modeled using
the weighting functions presented in (Pacejka, 2006):

Bl = Bl cogatar(Bjki)), (18)
Gl = cOSCatar(Blyai)), (19)
F = FeoGlar (20)
nyK =By, cqs(atar{B;Qai)), (21)
Gy, = cogCy,atanBy,ki)), (22)
Fy = FyoGy, i = f.r. (23)

are the longitudinal and lateral forces acting on the framt a In contrast to (15)—(23), a more complete form is presemnted i
rear wheels, andtx, iy and Mz are the resulting tire forces (Pacejka, 2006). However, since a single-track vehicleehisd
and moment. The roll dynamics is derived by assuming thatilized here, the tire models have been recomputed su¢h tha
the suspension system can be modeled as a spring-damipery are symmetric with respect to the slip angland the slip

system—e., a dynamic system with stiffne$§, and damping
D(p.

2.2 Wheel Modeling

The wheel dynamics is given by

Ti—lwd —FRy=0, i="fr (8)
Here,w are the front and rear wheel angular velocitigsare
the driving/braking torques,, is the wheel inertia, an&,, is

the wheel radius. Slip angles:, a; and slip ratiosks, k; are
introduced following (Pacejka, 2006), and are described by

ratiok.
2.3 Tire-Force Characteristics and Model Calibration

In an optimal maneuver the tires are performing at theirtBmi
thus implying the need for accurate tire modeling. Given a
set of tire parameters for a nominal surface, (Pacejka, Y006
proposes to use scaling factors, in (15)—(23) to describe
different road conditions. This method was used in (Braghin
et al., 2006), where the scaling factors representing seisfa
corresponding to dry asphalt, wet asphalt, snow, and smooth
ice were estimated based on experimental data. Since tiuit st



included a set of different tire brands and models, the tesuinputsu = (T,d), according tox = G(x,y,u), and similarly for
presented could be seen as a general indication, or at leastthe tire dynamicsh(x,y,u) = 0. Introducing the maximum and
used as guidelines, on how the tire characteristics wily.varminimum limits on the driving/braking torques and the siregr
We use the scaling factors from (Braghin et al., 2006) as angle, the mathematical optimization problem can be stased
basis for calibrating tire models approximately corregping follows:
to the force characteristics on the different surfaces. él@x

since the nominal tire parameters used in that paper are not m|n_|m|ze il . (25)
public domain, we use the parameters from (Pacejka, 2006) to subjectto Timin <Ti < -I—"m"".x’ = fr (26)
represent dry asphalt. The relative scaling factors, vegipect 18] <max » [0] < Omax (27)
to dry asphalt, are introduced according to Xp 6 Yo 6

- Iy N () +(2) =2 (29)

/\dry =1 Awet = %EI, Asnow = y, Aice = %7 (24) 1 R2
)‘dry )‘dry /\dry X 6 Y, 6
. . O . =P L) <1 (29)

where A is the scaling factor used in this paper ahd is (R‘{) + (Rg) =
the scaling factor presented in (Braghin et al., 2006). Sac X(0)=xo , X(tr)=x, (30)
different set of nominal parameters are used, and since-unce (0) = (tr) = (31)
tainties in the estimation of the original scaling factoxste— y =Yo ., YU =¥y
especially for larger slip values—some inconsistent attara x=G(xyu) , hxyu=0  (32)

istics appear for the snow and ice models. The original snowherexg,yo andx;, Y, are the initial and final conditions, and

model will produce a longitudinal ford& that changes signfor (x, v,) is the position of the center-of-mass of the vehicle.
large slip ratios, which is avoided by adjusting the scalawjor  The track constraint for the hairpin turn is formulated gsin
for Cx. For the ice model, multiple sharp and narrow peaks ifwo super-ellipses. In the implementation, the initial dincl
the resultant force occur. This is adjusted by recomputheg t conditions are only applied to a subset of the variables.
scaling factor affecting (21), as well as the parameBgssand . . )

Byo. In addition, the lateral curvature factéy is adjusted to The strategy for solving the optimal control problem is te us
smoothen the sharp peak originating from the relations3)1 Numerical methods for dynamic optimization. First, coesid
(16), which contributes to the inconsistencies in the tasal N the setup of the hairpin turn, it can be concluded from a
force. The complete set of tire model parameters used are pRyysical argument that existence of a solution is guarantee
vided in Table 2. Several of these parameters are dependent@is study, we utilize the open-source software JModedica.
the normal forceF, on the wheel. Hence, the front and reallAkesson et al., 2010), interfaced with the interior-poihtN

parameter values differe-g, the friction coefficientgs  and ~ Solver Ipopt (Wachter and Biegler, 2006), for solving thuio
r . mization problem. A direct collocation method (Biegler &t a

2002) is employed for discretization of the continuousetim
optimal control problem. In order to achieve convergendhén
NLP-solver, the hairpin turn problem is divided into smelle
segments and thus solved in 4-8 steps sequentially, where th
aﬁrevious solution is used as an initial guess to the subsgque
optimization problem. The final optimization solves the \¢ho
Broblem, thus not implying any suboptimality of the solatio

3. OPTIMAL CONTROL PROBLEM

The time-optimal hairpin maneuver problem is formulated
an optimization problem on the time-interviak [0,t]. The
vehicle dynamics presented in the previous section is ferm
l;.]tcfd ast.aldlffgr(ta)rl]tlal—atlgtebralcl eq;at_lon SYSng (DA(jEt):hm From a numerical perspective, proper scaling of the optimiz
ifferential variables (states) algebraic variabley, and the tion variables turned out to be essential for convergermed &-

dry asphalt, wet asphalt, snow, and smooth ice. to (Berntorp et al., 2013).

Parameter Dry Wet  Snow Ice 4. RESULTS

L.t 120 1.06 0407 0172

Fhx.r 120 1.07 0409 0.173 The optimization problem (25)—(32) was solved for each ef th

Bx f 117 120 102 311 surface models presented in Sec. 2. The road was 5 m wide.
CXBXEX 1163 118-(5) 51’-;; i97-§ The bounds on the driving/braking torques and tire forcaewe

£, Cxr . . . . .

Ex f 0.377 0.313 0.651 0.710 chosen as follows: ;

Exr 0362 0300 0.624 0.681 Tt min = —Hx.tF, Rw, Tt max=0, (33)

Hy.¢ 0935 0885 0.383 0162 Tr,min = —If‘x‘erer ) Tr‘max: le‘err RW, (34)

Ly 0.961 0911 0.394 0.167 : | ' ’

Byr 886 107 191 284 IFx| < K, (35)

Byr 9.30 11.3 200 300 ||:;| < Ny,in|7 i=f,r, (36)
Cy1,Cyr 119 107 0550 1.48 , T ,

By 121 214 -210 -1.18 assuming that the vehicle is rear-wheel driven. Note that th

Ey:r 111  -1.97 -1.93 -1.08 bounds (35)-(36) on the forces were set for easier conver-
Ca.t,Car 109 109 1.09 1.02 gence, but are mathematically redundant. With the choiteeof
Bxif,Bar 124  13.0 154 754 maximum driving/braking torques in (33)—(34), we introduc
BefBer -108 -108 -108 -43.1 dependency on the surface. This is motivated since thecaurfa
Cyf:Cyr 108 108 108 0.984 models adopted in this paper are only identified, and hence

By1,f,By1r 6.46 6.78 4.19 33.8

S 420 420 420 420 validated, for a certain region in the-a plane. Thus, allowing
f . . . . .

excess input torques might result in inconsistent behafitire
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Fig. 3. Variables of the vehicle model during the time-ogatihairpin maneuver on the different surfaces, plotted astfan of
the driven distance. The color scheme is as follows: dry asphalt—blue, wet dtpled, snow—green, and smooth ice—black.
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With an initial velocity of 25 km/h, the results displayed in
Fig. 3 are obtained. For comparison of the different sudace
the model variables are visualized as function of the driven
distances instead of time. Further, the geometric trajectories
corresponding to these control strategies are presenked.ia.

We also use the force-slip tire characteristic surfaces as a
basis for analysis, as introduced in (Berntorp et al., 2013)
and hereafter referred to &srce-Slip (FS)-diagramsThis 3D
surface is defined as the resulting force

Fi,l’eS: (F)!)Z_i_ (F}})Z’ I = fara

as function of the longitudinal slig and slip anglex. Plotting
the optimal trajectory in this surface for both front andrrea
wheel, respectively, gives an effective presentation efttre
utilization in two plots, see Figs. 5-8. The time for exeonti
of the maneuver is.88 s, 879 s, 1383 s, and 198 s for dry
asphalt, wet asphalt, snow, and smooth ice, respectively.

Fig. 4. Trajectory in theXY-plane for the different road sur- 4.1 Discussion of Characteristics on Different Surfaces
faces. The black rectangles indicate the position and di-
rection of the vehicle each second.

tire force model. Further, from a driver limitation argunhéme
steering angle and steering rate were constrained acgaialin

Omax=30deg ,
In addition, we constrained the wheel angular velocitigscy

Omax = 60 deg/s

The geometric trajectories of the vehicle center-of-mstsswn

in Fig. 4, are close to each other for the different surfaces.
This result might be unexpected, given the different serfac
characteristics. However, if comparing the paths for offzets

of the vehicle, such as the front or rear wheel, more pronedinc
differences are seen as a result of the different slip behavi
Obviously, the time for completing the maneuver is longer fo

to be nonnegative+e., the wheels were not allowed to roll the snow and ice surfaces than for asphalt. This is a resthleof
backwards or back-spin.

tire forces that can be realized on these surfaces. Futtieer,
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Fig. 5. The resulting tire forces for the dry asphalt modéle T Fig. 9. Front tire forces in the longitudinal and lateral whe
front tire force is shown in blue and the rear tire force is  directions for dry asphalt, corresponding to Fig. 5.
shown in red. The rear tire force exhibits more variation,
caused by the vehicle being rear-wheel driven.
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Fig. 10. Front tire forces in the longitudinal and lateralegh
directions for ice, corresponding to Fig. 8.

means that combined slip yields a significantly smallerltast
force. Thus, to achieve the desired time-optimality on thee |

iZZZ ,;,,';’,'Iﬂ"\:?‘%%g?{i‘é%: 4000 ,,;?éll 7 = surface, it is natural to choose a small-slip control sgate
e OSSP i - - -
8 2000 ":zgggggziggggt%gsi‘sgsf g e S N Comparison of Control Strategies The internal variables of
U 1000 SRR L 1000 the vehicle model during the maneuver, see Fig. 3, are simila
0 - ° - fordry and wet asphalt. The similarity is expected, consiue
the tire force characteristics in the two cases. As antietha
L i the major difference between the two surfaces is the time for
k[ os” *alrad] k] os” °alrad] execution of the maneuver, which is slightly longer for thetw
asphalt surface. This is expected since the maximum tiefor
Fig. 7. The resulting tire forces for the snow model. are lower than for dry asphalt.
The differences between asphalt, snow, and ice when conside
ing the control strategy are fundamental. First, it can be- co
2000 cluded that the optimal maneuver on snow and ice surfaces are
S0 ,,:Iz’":é%%g%ggiié:s:,‘ = more proactive in the sense that both the steering ahgled
@ 1000 e::;:;:::::‘023333::::§:::.0. S braking forces are applied considerably earlier when aggro
= SR SRS RIRRK . . . .. . . .
Tl S ‘,.““‘::§§§::3’ S5 ing the hairpin. This is most certainly an effect of the signi
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cantly reduced tire forces that can be realized on thesacesf
compared to asphalt. The steering angle also differs betwee
ice and the other surfaces. The reason for this is that thieleeh
employs counter-steering when it starts to slip on asphmalt a
snow as it approaches the hairpin. Further, we see that the
Fig. 8. The resulting tire forces for the smooth ice model. ~ foll angle is considerably smaller for the low-friction fages,
which is caused by the torque about the roll axis (produced by
vehicle exhibits large slip in the critical part of the maweu the tire forces) being smaller. Moreover, even on dry agphal
on all surfaces except smooth ice. The reason for this diffee the roll angle is kept below approximately 3.2 deg, verifyin
becomes evident when examining the force characterisfics that no unstable modes are excited. The slip ratiiffers in
the smooth ice model compared &g, the dry asphalt model. amplitude between the road-surfaces. The reason becoeas cl
In Figs. 9 and 10 the longitudinal and lateral tire forces ar&hen investigating the FS-diagrams and the corresponiing t
shown for these surfacesf. Figs. 5 and 8. The tire forces for utilization, Figs. 5-8. The peak of the resultant force i@tk
smooth ice exhibit a considerably sharper peak and thug/deaa plane occurs at smaller slip values for ice, which implies a
faster, with respect to combined slip, than for dry aspfdlis  control solution with smaller slip angles for minimum-time




when the tires perform at their limits. Rather, when comdline
longitudinal and lateral slip is present, more careful tired-
eling may be required. The minimum-time hairpin maneuver,
using tire models representing different road surfaces; ga a
- 1 501 , first major observation that the path through the turn wasatm
\ / the same independent of different road-surface charatiteyi
\ such as dry asphalt or ice. Of course, the total executios ism
' longer on ice than asphalt, but there are also other difteren
\ 401 N which lead to the second major conclusion: The optimal dgvi
techniques—e., the control actions—are fundamentally differ-
ent depending on tire-road characteristics. This is an rtapb
30k , finding since it implies that in order to enjoy the full bengfif
: improved sensor information, future safety systems widldhis
| | be more versatile than systems of today. Further, that ttte pa
of the vehicle center-of-mass is almost invariant givepins
201 I 201 I ration to look for strategies based on path formulationsrwhe
\ | approaching the goal of developing new model-based vehicle
safety systems more robust to road-surface uncertainties.

u scaled Smooth ice

40t
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