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Abstract

Recent research has shown that control of the oxygen
content in the catalyst has potential to further reduce the
emissions from spark ignited engines. This gives rise to a
cascade structure where an outer loop influences an inner
loop. Different ways of augmenting the inner loop, a tradi-
tional PI-feedback controller based on feedback from the bi-
nary oxygen sensor, are studied. The SI-engine constraints
on the control, such as low emissions and drive ability, are
considered in the evaluation of the controllers.

The result is that a delayed switching of the sensor is
needed to control the oxygen content in the TWC using bi-
nary sensor feedback.
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1 Introduction

Emissions from spark ignited (SI) engines are today ef-
fectively reduced by a three way catalysts (TWC) [5, 11, 7].
A TWC is most efficient when the air/fuel ratio,λ, is kept
within a narrow region aroundλ = 1, see Figure 1. Feed-
back control ofλ is necessary for reaching this accuracy,
due to unmeasurable disturbances and model errors. There-
fore there is aλ-sensor before the TWC. There are also leg-
islative demands that the catalyst must be diagnosed and
this requires that a secondλ-sensor is placed after the cata-
lyst.

In most engine control systems of today the air/fuel ratio
is controlled by a PI-style controller with feedback from the
switch-type heated exhaust gas oxygen sensor (HEGO) lo-
cated before the TWC [9]. Recent studies [13, 10] have
shown that emissions can be reduced even further using
feedback from the HEGO placed after the TWC for diag-
nostic reasons. Such a system gives a cascaded control
structure, see Figure 2. In this case there are two con-
trollers, the outer loop gives the set-pointλref to the inner
loop. During normal operation the catalyst removes and
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Figure 1. Dashed: Emissions before the cat-
alyst. Solid: Emissions after the catalyst.
When λ is close to unity the three way cata-
lyst (TWC) effectively removes the three pol-
lutants CO, HC, and NO x.

stores oxygen directly available in the gas and from NOx

and then uses it to oxidize e.g. CO to CO2. When the cata-
lyst is full of oxygen NOx will pass through untreated and
this is seen in the second HEGO as a voltage drop. The
control goal is to maintain a sensor output of 0.6 V from the
second sensor, which ensures that the catalyst is operating
under optimal conditions.

An example of the effect of disturbances are shown in
Figure 3, where only the inner air/fuel ratio controller is run-
ning. It can be seen that the output of the rear sensor drops
from 0.6 V at several occasions. This experiment motivates
the outer loop but the important issue is how the inner loop
shall be designed to effectively controlλ to the catalyst.

In this study the focus is on the inner loop, which con-
sists of a system with a PI-controller with relay feedback.
And the aim is to study how the mean ofλengineand thereby
the air/fuel ratio fed to the TWC can be changed with dif-
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Figure 2. The engine produces exhaust gases
and its oxygen content is measured by a dis-
crete sensor λbc which is fed back to the
air/fuel ratio controller (inner loop). There
are unmeasureable disturbances W that off-
set the desired air/fuel ratio. After the TWC
an additional discrete oxygen sensor λac is
placed for diagnostic. The transport delay to
the first sensor is τd1 and the transport time
through the TWC is τd2 . The output of the
air/fuel controller u controls the mass of in-
jected fuel.

ferent PI-controllers. The different proposed strategies are
tested against four performance measures which takes into
account the special requirements for SI-engines, such as low
emissions and good driveability.

2 Performace Measures of Air/Fuel Ratio
Controllers

For comparison of the different strategies four perfor-
mance measures are introduced. To describe the first per-
formance measure a brief introduction to TWCs is given.

Very simplified the TWC can be seen as an oxygen stor-
age, which have modeled for control purposes [8]. As the
rate of which the TWC is filled and emptied of oxygen de-
pends on the net supply of oxygen, which can be expressed
asWa (λ − 1), whereWa is the air-mass flow. To further
simplify the filling and emptying calculations the mean oxy-
gen flow

Wa

(
λ − 1

)
(1)

is used instead. This simplification can be motivated by
small net filling/emptying during the limit cycle of the
air/fuel ratio controller before the TWC. In this study of
mean air/fuel ratio, stationary conditions are assumed, that
is constant speed and constant air-mass flow. Also the ef-
fects of Aquino style fuel dynamics [1] and sensor dynamics
is not accounted for.

In Equation (1) the mean filling and emptying rate is
expressed in terms of air-mass flow and mean air/fuel ra-
tio. As the air-mass flow is assumed to be constant the fill-
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Figure 3. Measured air/fuel ratio of an engine
running at idle. Top: Continuous λ, which os-
cillates with an amplitude of around 1%. In
the measurement there is a sensor offset that
drives the measured value from 1. Center:
Measured λ in volts from an HEGO placed in
front of the TWC. The oscillations are caused
by the limit cycle of the controller. Bottom:
Measured λ in volts from the HEGO behind
the TWC. Note the voltage fluctuations.

ing/emptying rate depends on the mean air/fuel ratioλ:

λ = −1 +
1
T

∫ T

0

λenginedt (2)

T in Equation (2) is the limit cycle time of the air/fuel ratio
controller. Thereforeλ is the most important performance
measure of how fast the TWC can be filled and emptied. In
the performance measuresλ is calculated through the areas
of lean and rich mixtures:

λ
+

=
∫

λengine≥0,0<t<T

λenginedt (3)

λ
−

=
∫

λengine<0,0<t<T

λenginedt (4)

For drive ability reasons it is desirable to keep the max-
imum deviations from stoichiometric as small as possi-
ble since the deviations results in torque fluctuations [10].
Torque fluctuations is a result of changes in the amount
of energy supplied but also affected is the ratio of spe-
cific heats which changes the efficiency [7, pp. 182] and
the air/fuel ratio dependency of burn angles [7, pp. 403].

λmax = −1 + max
0<t<T

λengine(t) (5)

λmin = −1 + min
0<t<T

λengine(t) (6)



3 Characterization of the HEGO

The HEGO is a discrete sensor and detects only the ab-
sence of oxygen in the exhaust gas. Its voltage jump is very
narrow around stoichiometric, as can bee seen in Figure 4.
In [2] a more detailed description is given of where the volt-

Figure 4. Sensor characteristics as a function
of air/fuel ratio, from [7]. Note the voltage
jump at λ = 1.0.

age jump occurs as a function of the air/fuel ratio. Using
this knowledge of the voltage jump around stoichiometric
the sensor output is thresholded which gives the following
ideal relay characteristics:

λbc =
{ −1, λengine(t − τd1) > 1

1, λengine(t − τd1) ≤ 1 (7)

The time-delay from the engine to the first sensorτd1 is also
included.

4 Air/Fuel Ratio Control

This section focuses on the inner loop in Figure 2. Lets
start by redefiningλref by removing the bias of the control
signal, that isλref =0 means stoichiometric conditions. This
results in the following input to the PI-controller:

e(t) = λref − λbc(t − τd1) (8)

whereλbc follows the sensor characteristics given by Equa-
tion (7). The resulting controller equation is then:

u = Kpe(t) +
∫

Kie(t)dt (9)

4.1 Stoichiometric Air/Fuel Ratio Control

Before the non-stoichiometric set-points are studied the
controller parameters and the properties of theλengineoscil-
lation is studied as these parameter settings are necessary as

default values for the non-stoichiometric controllers. A de-
sired stationary oscillation amplitudeA under a time delay
τd1 occurs when the controller parameters are set to:

KI =
A

τd1

(10)

Kp =
1
2
KIτd1 (11)

With the selection above the controller minimizes the limit-
cycle. The resulting output inλ is shown in Figure (5). For
discrete implementations of this structure some modifica-
tions can be made to improve stability [12]. The perfor-
mance measures of this PI-controller are:

λ = 0 T = 2τd1

λmax = KIτd1 λmin = −λmax

0

λmax

λmin

τd1 τd1

λ = 1

Time [s]

λ

Figure 5. λengine -output with PI-control and
Kp and KI calculated as described in Equa-
tions (10,11). λmax = A = −λmin. The time
delay until the mixture reaches the sensor is
τd1 .

4.2 Non-Stoichiometric Air/Fuel Ratio Control

Two methods of achieving non-stoichiometric air/fuel
ratio control are tested. The first method is called the
straight forward approach which means that the perfor-
mance measures are calculated for different values ofλref

in Equation (8). The second approach is to modify Equa-
tion (8) and make the parametersKp andKI dependent of
λref. In the later case delayed switching is also introduced.

4.3 The Straight Forward Approach

By changingλref in Equation (8) to values between
−1 < λref < 1 it results in the following equations:

u = Kp(λref + 1) +
∫

KI (λref + 1), λengine

(
t − τd1

)
> 1 (12)

u = Kp(λref − 1) +
∫

KI (λref − 1), λengine

(
t − τd1

)
≤ 1 (13)

The input to the controllere scales the parametersKp and
KI differently depending on the direction of the step which



results in the following performance measures whenλref ≥
0:

λmin = KI (λref − 1)τd1

λmax = λmin + 2Kp + KI (λref + 1)τd1

λ
+ = (λmin + 2Kp)τd1

+
KI τ2

d1
2

+
(λmax − 2Kp)τd1

)2

−2KI (λref − 1)

λ
− =

1

2
KI (λref − 1)τ

2
d1

T = 2τd1
+

λmax − 2Kp)τd1
−2KI (λref − 1)

The case forλref < 0 is similar.

4.4 Parameter Variations and Delayed Switching

Instead of feeding the controller with Equation (8), the
relay signalλbc is fed directly into the controller and the pa-
rameters depend onλref. When Equation (9) is adapted for
parameter change it can be summarized in two condition,
when forλbc(t − τd1) = −1 as

uu = Kpu
(λref) +

∫
KIu

(λref)dt (14)

and secondly whenλbc(t − τd1) = 1 the equation for the
controller is

ud = −
(

Kpd
(λref) +

∫
KId

(λref)dt

)
(15)

The second method to change the mean air/fuel ratio is
introduction of the delayed switching. Here delayed switch-
ing means that the output of the controller is held constant
during the delay, which is illustrated in Figure 6 with differ-
ent delay times in lean and rich conditions.

0

λmax

λmin

τd1τd1 τ+
delay τ−

delay

λ

Time [s]

λ = 1

Figure 6. Delayed switching with time τ+
delay

during lean conditions and τ−
delay during rich

conditions.

The study of these methods starts with adjustment of the
KI parameter and introduction of delayed switching in an
I-style controller and continues with the PI-case.

When pure I-control is used there are two methods to
controlλ, first the parameterKI can be changed into:

KI(λref) =
{

KIu
When the mixture is leaned

KId
When the mixture is enriched

(16)

To further changeλ a delayed switching can be introduced.
With theses two modifications the performance measures
becomes:

λmin = KIdτd1

λmax = KIuτd1

λ
+

=
KIuτd1

2
+

KIuτd1

2KId

+ τ+
delayKIuτd1

λ
−

=
−KIdτd1

2
− KIdτd1

2KIu

− τ−
delayKIdτd1

T = 4τd1 + τ+
delay + τ−

delay

λ =
1

T

(
(KIu − KId) τ2

d1

2

)
+

1

T

(
KIuτd1

2KId

− KIdτd1

2KIu

+ (τ+
delayKIu − τ−

delayKId)τd1

)

In pure I-control differentKI parameters changes the per-
formance measures according to the equations above. What
is the effect of changing theKp-parameter? For the PI-
controller the effects of changing theKp parameter is stud-
ied using a fixKI .

Kp(λref) =
{

Kpu
When the mixture is leaned

Kpd
When the mixture is enriched

To study this the result of differentKp-parameters Fig-
ure 5 is used. Just beforeτd1 the value ofλ is λ(τ−

d1
) =

Kpu
+τd1KIu

and just afterτd1 the value of the I-part is un-
changed,KIu

τd1 , butλ is λ(τ+
d1

) = −Kpd
+ τd1KIu

. The
difference between the points is therefore always the sum of
the parameters−(Kpd

+Kpu
). This also means that having

separate proportional constantsKpu
andKpd

give no advan-
tages over oneKp parameter and therefore only changes of
Kp is studied.

Here one way of selecting2Kp = min(KIu
,KId

)τd1 λ
is studied. This selection results in following performance
measures:

λmin = −KId
τd1

λmax = KIu
τd1

λ
+ =




KIu

τ2
d1
2 +

(KIu
τd1

−2Kp)2

2KId
+ KIu

τd1
τ
+
delay, KIu

> KId

KIu

τ2
d1
2 + KIu

τd1
τ
+
delay, KIu

≤ KId

λ
− =




−KId

τ2
d1
2 −

(KId
τd1

−2Kp)2

2KIu
− KId

τd1
τ
−
delay, KId

> KIu

−KId

τ2
d1
2 − KId

τd1
τ
−
delay, KId

≤ KIu

λ =
1

T

(
λ
+ − λ

−)

T = 2τd1
+

KIu
τd1

− 2Kp

KId

There are several more ways of selecting the parametersKp

andKI as a function ofλref, but the example above serves
more to show how different parameters can be used together
with delayed switching.



5 Evaluation of Manipulated PI-control

Three methods have been described of howλ can be
changed using different parameters in a PI-style controller.
To evaluate each methods performance measures, the values
of the parameters remains to be determined. Starting with
the time delay,τd1 , which can be estimated using an approx-
imation [9, pp. 77] as the summed time of one induction,
compression and expansion event. With these assumptions
τd1 ≈ 3

2N , whereN is the engine speed in revolutions per
second. Given that normal engine operating speeds are be-
tween 800 RPM and 6000 RPM this corresponds to time
delays between15 ≤ τd1 ≤ 110 ms. In [4] this approxi-
mation is supported but a dependency of the pressure ratio
between the intake manifold and exhaust manifold can be
included to improve the approximation.

Next the maximum deviation from the stoichiometric
condition is to be selected, which also is a performance
measure. High amplitudes can result in torque fluctuations
and less good conversion efficiency of the TWC, therefore
normally used amplitudes are less than 3% [3, pp. 493] off
from stoichiometric.

To determine maximum delayed switching time the cy-
cle timeT of the air/fuel ratio-controller is needed. To set
this parameter Figure 2 is studied, where two controllers are
cascaded. The air/fuel ratio controller is the inner loop and
the reference value is set by the outer loop. As the inner loop
has to be considerably faster than the outer [6, pp. 127] and
the outer loop time is governed by the TWC and to fill or
empty the TWC takes approximately between 3 and 15 sec-
onds. A rule of thumb is to choose the inner loop 10 times
faster than the outer which results in a maximum period
time of at least 300 ms for the air/fuel-ratio controller. In
[10] another method to determine the amplitude and cycle
time is discussed that relies on the oxygen storage capacity
of the TWC.

To setKp and KI the nominal values are used from
Equation (10) and (11) respectively. An assumption made
in the calculations of the maximum deviation from stoichio-
metric λ, is whenKIu

and KId
are different thenKId

=
1
3KIu

or vice versa. These parameters can also be cal-
culated using Equation (8) and Equation (9) in the fol-
lowing way givenλref > 0: KIu

= KI(λref + 1) and
KId

= KI(λref − 1) with care taken that the limitsλmin

andλmax are not exceeded.
Calculations ofλ with the assumptions thatτd1 is gov-

erned by the engine speed, a maximal desired deviation
from stoichiometric, and a maximal loop timeT the result-
ing λ offset from stoichiometric has been made for the de-
scribed methods. The offset from stoichiometric has only
been calculated for the lean side as the same correction can
be made in the rich direction.

First the straight forward approach is tested and the re-
sulting performance measures are shown in Figure 7. In
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Figure 7. Result using the straight forward
approach with varying λref using τd1 = 110 ms,
and A = 0.02. To the left the maximum ob-
tainable λ is shown and in the middle λmax

is shown. The maximum amplitude exceeds
the desired amplitude of 0.02 for λref > 0. To
the right the period time T is shown which is
small for λref < 0.8.

the middle plot it can be seen that the amplitudeλmax ex-
ceeds the desired maximum deviation from stoichiomet-
ric for λref > 0, which makes this method unsuitable for
TWC control as the torque fluctuations would be too large.
The maximum deviation from stoichiometricλ is also small
even for largeλref. In Figure 8 an I-controller with different
KIu

, KId
and delayed switching is shown, where the maxi-

mum amplitude is fulfilled all the time and delayed switch-
ing up to the period time T is used. With this method it
is possible to reach mean deviations inλ of up to almost
the amplitude of the oscillation. Finally in Figure 9 the de-
viation from stoichiometric has been accomplished using
different KIu

, KId
, Kp together with delayed switching.

This arrangement gives a further increase inλ at low engine
speeds and short limit-cycle timesT compared to the previ-
ous methods. However the increase inλengine is small, less
than0.01 and the advantage of having separate parameters
is small compared to the delayed switching.

The straight forward approach for non-stoichiometric
air/fuel ratio control with the introduction of delayed
switching in the form of an output saturation to the desired
maximum amplitude would improve that method signifi-
cantly.
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Figure 8. Result using an I-controller with
delayed switching. The figure shows the
maximum mean deviation from stoichiomet-
ric with these settings.

6 Conclusions

The mean air/fuel ratioλ into the TWC can be controlled
using binary feedback from an HEGO to a modified PI-style
controller. The straight forward approach with a standard
controller only gives a negligible deviation from stoichio-
metric. To achieve a non-stoichiometricλ, the best way to
do this is to introduce a delayed switching. Also noteworthy
is that using two different parametersKpu

andKpd
gives no

additional advantages over having one singleKp.
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