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Abstract

Parity space approach and H, approach are two important fault detection approaches. This paper studies the relationship between these
two approaches, which reveals frequency domain characteristics of the optimal solution of the parity space approach on the one side and
provides a numerical solution of the Hp-optimal design of residual generators on the other side.
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1. Introduction

Parity space approach and H, approach are two com-
monly used approaches for designing robust fault detec-
tion systems [1,9,14]. The former is initially proposed
by [3,4] and has been extensively studied since then
[2,5-7,10,12,13,15]. The latter is proposed by [8].

In this paper, some insight will be shed on the relation-
ship between these two approaches, which simultaneously
enhances our understanding about the optimal solution of
the parity space approach and provides us a numerical way
to calculate the H»-optimal solution of residual generator
design. It is proven that the optimal parity vector approx-
imates the H,-optimal residual generator and thus it is a
bandpass filter whose bandwidth will become narrower as
the order of the parity relation increases.

The paper is organized as follows. First, the parity space
approach is briefly reviewed in Section 2. Then, Section 3
gives the optimal solution of the H, approach in the context
of discrete-time systems. The relationship between the parity
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space approach and the H, approach is studied in Sec-
tion 4. Finally, the results are illustrated by an example in
Section 5.

2. Brief review of the parity space approach

In this contribution, we consider linear discrete time-
invariant systems described by

x(k + 1) = Ax(k) + Bu(k) + Eqd (k) + E s f (k), (1)
y(k) = Cx(k) 4+ Du(k) + Fad(k) + Fy f (k), )

where x € R”,u € R%, y e R" d € R*, f € R¥/ denote
the vector of states, control inputs, measurement outputs, un-
known disturbances and faults to be detected, respectively.
A,B,C,D,Ey, Ey, Fy and Fy are known matrices of ap-
propriate dimensions. It is assumed that (C, A) is observ-
able.

A parity relation based residual generator can be con-
structed as [1,10,12,13,15]

rs(k) = v (ys (k) — Hy,sus (k)), 3)
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where r; € R is the residual signal, row vector v, € R”¢+D

is the parity vector which satisfies
vs € Ps, Py ={vs | vsH, 5 =0}. “4)

P; is called parity space, s denotes the order of the parity
relation, and

y(k —s) u(k —s)
yk—s+1) utk —s+1)
yoll) = : ENGE : :
y (k) u(k)
D o --- O C
CB D . cA
Hy = . » Hps= .
. . w0 :
CA"'B ... CB D ca’
&)
The dynamics of residual generator (3) is governed by
re(k) = Us(Hd,sds(k) + Hf,sfs(k))’ (6)
where
d(k —s) Sk =)
dlk—s+1) fk—s+1)
dq () = : = : ,
d(k) f (k)
rFy o --- 0
Hd,_y = CEd Fd - : >
: . .0
LCAS'E; -+ CE4 Fy
- Fy o - o
CEy Fy .. :
Hy = . . ) : (N
. .. .. 0
LCA*T'E; ... CEy Fy

If there exists such a parity vector vy € Pg, which makes

vsHys #0 ®)

then the residual is said to be fully decoupled from the un-
known disturbances. However, such a full decoupling is sel-
dom achievable in practice, since there are usually less mea-
surements than unknown disturbances in the system. And
in these cases, a suitable trade-off between the sensitivity
of the residual generator to the faults and its robustness to
the disturbances is necessary. To the aim of evaluating the
performance of the residual generator, J; defined by

vsHy s =0,

vSHdSH;Y vl

Js = (9)
T
vsHypsH f,s Uk

is one of the most often used indexes [5,7,15]. So the opti-
mal design of the residual generator consists in finding the

optimal parity vector vy € P which solves the optimization
problem

vy Hy s Hy (o]
min Jg = min S (10)
vs€Ps vs€Py USHfS fS ;F

Ding et al. [5] have proven that with the increase of the
order s of the parity relation, the performance of the residual
generator in the sense of (9) will also be improved, i.e.

min  Js41 < min J;. (11)
Us+1€Pst1 vs€Ps

Because min, ¢p, J; is lower bounded by 0 and decreases
with respect to s, the limit lim,_, ,omin, cp, Js exists and

lim min J; = min min J;. (12)
§—>00 v € Py S wvgePs

3. Optimal solution of the H, approach

The H, approach is originally proposed in [8] in the con-
text of linear continuous-time systems. In this section, a
discrete-time version of this approach will be presented.

Given system (1)—(2), use

G.(z)=C(zl — A)~'B + D,
Ga(z) =C(zl — A 'Ey + Fy,
Gr()=C(zl — A 'Ef + Fy

to denote the transfer function matrices from u, d and fto y,
respectively. It is well-known that all linear time-invariant
residual generators can be expressed by [9]

r(z) = R(2)(My(2)y(2) — Ny (2)u(2)), (13)

where R(z) € RHy is called post-filter and arbitrarily se-
lectable, (M (2), N (z)) is a left coprlme factorlzatlon of
Gu(2),ie. G, (Z)—M (Z)N (2). M, (z) and NL,(z) can be
calculated as follows:

M,z2)=1—-C(zl —A+LC)"'L,
Ny(z)=D+C(zI —A+LC)""(B—LD), (14)

where L is a matrix of compatible dimensions that stabilizes

A—LC.
The dynamics of residual generator (13) is governed by

r(z) = R()M,(2)(Ga(2)d(z) + G (2) f (2)). s)

In case that a full decoupling is not achievable, the H>
performance index for the optimal design of a robust residual
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generator is defined as

T R(eI?) My (€7?) G 4(e1?) G (eI ) M¥ (e1?) R* (/) d»

(16)

min J =
R(z)eRHLX™

where the superscript * denotes the conjugate transpose of
the matrix and the post-filter R(z) is assumed to be a vector
of transfer functions.

Theorem 1. Given system (1)—(2), the optimal solution to
optimization problem (16) is

Ropt(Z) = fuy(2)p(2), Jopt = iIul)f Omin () (17)

where fu,,(2) is an ideal frequency-selective filter with the
selective frequency at wq, which satisfies

foo(€2)q (@) =0, o # wy, (18)

2n ] ' . '
Fon(€7)q(€72)q* (/) 175, (e7?) dov

= q(!™)g*(e/™), V¥q'(z) € RH,
omin(w) and p(el®) are, respectively, the minimal gen-
eralized eigenvalue and corresponding eigenvector of the
following generalized eigenvalue—eigenvector problem
P ) (M, (/)G (e’ *)Gy(e! ) My (e!)
— Omin(@) M, (/)G (/)G (/) M; (7))
=0 (19)

and wy is the frequency at which omin(®) achieves its min-
imum, i.e.

Omin (o) = igf Omin (®).

Proof. Substituting Rope(z) = fuw,(2)p(z) into the perfor-
mance index J and taking (18) into consideration, there is

J=

(™) M (e77) Gy (€70 Gy () M (e70) p* (e7)
PeI0) My (e10)G (1) G (eI™) M (e10) p* (el )

From (19), it is clear that
J = Gmin(wo).
Note that for any post-filter R(z) € RH})g(’” and for all o

R(eI)YMyu(e7”)G 4(e7?) G (/)M (/) R* ()
— Omin (W0) R(e/ )M, (/)G 1 (/) G (e7®)
x M*(e/®)R*(e/”) >0

RE)eRHL™ [T R(eJ®) M, (€2)G 1 (e1®)G*% (el ?) M3 (eI ®) R* () do’

holds, which leads to
27-[ . A~ . . . A .
| R Gatel G )
0

21
% R*(e/”) deo — Gmin(0) / R(I™) My (/)
0

x G (/)G (e!?)

x M*(e/®)R*(e/”) dw>0.
As a result, we have for any post-filter R(z) € Rngf’"
J 2 omin(wo).

This demonstrates that oy (o) is indeed the optimal value
and correspondingly Ropi(2) = fu,(2)p(z) is the optimal
solution. [

Remark 1. At any frequency o, the matrices A;Iu(efw)
Ga(e!”)G (/)M (e/”) and M, (e/?) Gf(ef“’)G}‘.(ef“’)
A;I;(ej“’) are positive semi-definite Hermitian matrices.
Therefore, the generalized eigenvalues a(w) in (19) are
always real [11].

Remark 2. The optimal solution to optimization problem
(16) is independent of matrix L in the sense that, as long as L
is stabilizing, Ropt(z) M, (z) and Jope do not change with L.

4. Relationship between two approaches

In this section, we present the main result of this paper, the
discussion on the relationship between the optimal solutions
of the parity space approach and the H, approach.

Suppose that {g;(0), g4(1), ...} is the impulse response
of system(1)—(2) to the unknown disturbances. Apparently,

84(0)=F4,84(1)=CEy, ...,
ga(s) =CAE,, ... (20)

The matrix Hy, can then be expressed in terms of the
impulse response as follows
ga(0) O o
1 0
Hys = gd.( ) gc.l( )
: " . o
ga(s) -+ ga(1) g4(0)

Partition the parity vector vy as
vsz[vs,o Ug,1 " Us,s]’

where the row vector vg; € R",i=0,1,...5.
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Then, we have

vsHys =[o(s) (s —1) p0)],

where
i
o)=Y pi8a), pi=vssi, i=0,1,.. 5.
[=0

Let s go to infinity. It leads to
lim vsHgs =[p(00) --- ¢(0)] 2D
§—>00

and in this case

e) =Y piyga(l) = p(i) ® ga(i)

=0
=7 1(P(2)Ga(2)), (22)
P@)=ZIpM)), pG)=1{pg. p1,-- -} (23)

where ® denotes the convolution. Eq. (23) means that P(z)
is the z-transform of the sequence {p, py, ...}
According to the Parseval Theorem, we have

o
: T.T N T
Mlim v Hg s Hy v = EO(P(Z)@ @)
i—

1 2n . )
=_— P(e’)G4(e!?)
271 0
x GH(e!”)P*(e/?) dw. (24)

Similarly, it can be proven that

1 2n ) )
. T T __ Jjo Jjo
lim v Hp HE v = 2n/0 P(e/)G (&)
x G (/) P*(e!”) do. (25)

On the other side, if given a residual generator (13), we
can always construct a parity vector, as stated in Lemma 1.

Lemma 1. Given system (1)-(2) and a residual generator
(13) with R(z) € RHégm. Then the row vector defined by

v=[--- CAB CB D], (26)

where (A,B,C,D) is the state space realization of
R(z)M,,(z), belongs to the parity space Ps (s — 00).

Proof. Assume that (A,, B, C,, D;) is a state space real-
ization of R(z). Recalling (14), we know that

- [a-1c 0] L L
= L)l

C=[-D,C C,], D=D,.

It can be easily obtained that

C
. . L. .- - |ca
lim vHys= lim [--- CAB CB D] CA? |-
§—>00 §—>00

= lim [--- C.A;Br C.B, D,]

C
C(A—LC)

For a linear discrete-time system

AMk+1)=(A—=LC)AK)

d(k) = Cik) (28)
with any initial state vector A(0) = 49 € R”, apparently,
0(0) = Co,

0(1)=C(A — LC)l,
32)=C(A—LC)A, ... .
Since R(z) € RH(lem and L is selected to ensure the stability

of A— LC, the cascade connection of system (28) and R(z)
is stable. So

klim 727 YR(2)é(2)} = 0.

Note that
lim 7R (2)d(2)}
k— 00

=lim [--- C,A.B, C,B, D,]
S—> 00
Clo
C(A—LC)Ay

X | C(A=LC)* g |°

we get
lim [--- C,AB, C.B, D,]
§—> 00
C
C(A—LC)

X | C(A—LC)? | #0=0,

for any initial state vector /9 € R”. Thus it can be concluded
that

C-A.B, CyB, D]

C
C(A—LC)
| c@-Le? | =0

§—00

At last, from (27) we obtain

lim vH, =0,
§—>00
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i.e. the vector v defined by (26) belongs to the parity space
P; (s — 00). Lemma 1 is thus proven. [

It is of interest to note that the vector v is indeed com-
posed of the impulse response of the residual generator
R(:)M,(z) = D + C(zI — A)~'B, which is given by
{D.CB,CAB,CA’B

Based on the above analysis, the following theorem can

be obtained.

Theorem 2. Given system (1)=(2) and assume that vy gp,
Js,opt and Ropi(2), Jopt are the optimal solutions of opti-
mization problems

T
vsHy AHd s Us
Jsopt = min Jg = min ——=—
vsE€ Py vs€ Py Uvav fs Y
T T
UA‘,OPtHd’SHd,sUs,opt

= s (29)
s, opt H g5 H}:X U;r,opt

Jopt = min J = min

and different from R,(z), should lead to

JR@=R.) = min J <J[pi)=p,(z)- (36)

R(z)eRHL ™
According to Lemma 1, we can find a parity vector v € Py
whose components are just a re-arrangement of the impulse
response of R.(z)M,(z). Moreover, because of (23)—(25),
we have

Jslog=v = JIR@)=R.(2)- 37
As a result, it follows from (34), (36) and (37) that

Jsly,=y <min min Jy

s vgePy
which is an obvious contradiction. Thus we can conclude
that

Jopt = min

R(z)eRHL™ T =TIR@=R,@) = 1M Js.opt

fan(e/“’)M (ef“’)Gd(ef‘“)G (e/“’)M*(ef‘”)R*(ef‘“)dw

R(z)eRHLX™

R(z)eRHLX™ fo R(efw)Mu(eJ‘”)Gf(eJ“’)Gf;-(e/‘”)M,;“(e/“’)R*(efw)dw
I3 Rop (€1 M (e7°) Ga(e1”) Gy (e ”) M (e1) Ry (e7?) do

5T Ropr(e39) My (€1)G (e12) G (ed) Mz (e32) Ripy (e3) dev”

respectively. Then

sli{go Jx,opt = Jopt’ (31
P(2) = Rop ()M, (2), (32)
where

P(z)=Z[p@)],
P(i) = {Vs—00,0pt.s» Vs—00,0pt,s—1s + -+
vsaoo,opt,O} (33)

Proof. Let vy, 0pt denote the optimal solution of opti-
mization problem (29) as s — oo, then it follows from
(12), (23)(25) that for any left coprime factorization of
G.(z) = 1(z)N (z), the post-filter R,(z) given by

Ro(2) = P()M,; ' (2),
where P(z) is defined by (33), leads to
Tr@=r,) = Jim Jsop = lim min J;
= min min Jg > min  J. (34)

5 vs€Ps R(z)eRHLX™

We now demonstrate that

J|R(Z)=RU(Z) = Jop[ = minl J. (35)
R(z)eRH ™

Suppose that (35) does not hold. Then, the optimal solution
of optimization problem (30), denoted by R.(z) € RHcle’"

(30)

and
Ro(2) = P()M;' (2) := Ropt(2)

solve optimization problem (30). Theorem 2 is thus
proven. [J

Theorem 2 gives a deeper insight into the relationship
between the parity space approach and the H; approach and
reveals some very interesting facts when the order of the
parity relation s increases:

e The optimal performance index Js op¢ Of the parity space
approach converges to a limit which is just the optimal
performance index Jop; of the H> approach.

e There is a one-to-one relationship between the opti-
mal solutions of optimization problems (29) and (30)
when the order of the parity relation s — oo. Since
Ropt(z) is a band-limited filter, the frequency response
of Vs 00,0pt 18 also band-limited.

The above result can be applied in several ways, for in-
stance:

e For multi-dimensional systems, the optimal solution of
the H, approach can be approximately computed by at
first calculating the optimal solution of the parity space
approach with a high order s and then doing the z-
transform of the optimal parity vector. It is worth notic-
ing that numerical problem may be met for some sys-
tems, especially when A is unstable.
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Js,opt
opt

Optimal performance index

0 50 100 150
The order of the parity relation s

Fig. 1. The change of the optimal performance index Jg opt With respect
to s.

In the parity space approach, a high order s will improve
the performance index Jy op but, on the other side, in-
crease the online computational effort. To determine a
suitable trade-off between performance and implemen-
tation effort, the optimal performance index Jop of the
H; approach can be used as a reference value.

Based on the property that the frequency response of
Us—o0,0pt 1S band-limited, advanced parity space ap-
proaches can be developed to achieve both a good per-
formance and a low order parity vector. For instance, in
Refs. [17,16] infinite impulse response (IIR) filter and
wavelet transform have been introduced, respectively,
to design optimized parity vector of low order and good
performance.

5. Numerical example

Given a discrete-time system modelled by (1)—(2), where
1 —1.30 2
A:[o.zs —0.25] B:[l]’ ¢=10 11,

0.4 0.6
Ed_|:0-5i|, Ef—lio.lj|, D=F;=F;=0. (38)
As system (38) is stable, maAtrix L in (14) can be selected
to be zero matrix and thus M, (z) is an identity matrix. To
solve the generalized eigenvalue—eigenvector problem (19)
to get wo that achieves omin (o) = inf, omin(®), note that

0.41 — 0.4 cos w
0.0125 4+ 0.01 cos @

Omin(®W) =

Therefore, the optimal performance index of the H; ap-
proach is Jop=0.4444 and the selective frequency is wo=0.

Fig. 1 demonstrates the change of the optimal perfor-
mance index Jy op With respect to the order of the parity re-
lation s. From the figure it can be seen that J; op¢ decreases

50
45 1
40 1
35 |
30
251
20 f
15
10

— s=100
- =200

| Vs,opt (ejw) |

!_
|
il
i
L

Fig. 2. The frequency response of the optimal parity vector vg opt With
respect to s.

with the increase of s and, moreover, Jg, opt converges to Jop
when s — oo. Fig. 2 shows the frequency responses of the
optimal parity vector vy opr When s is chosen as 20, 50, 100
and 200, respectively. We see that the bandwidth of the fre-
quency response of v; opr becomes narrower and narrower
with the increase of s.

6. Conclusion

The relationship between the parity space approach and
the H approach to fault detection of linear discrete time-
invariant systems has been discussed in this paper. It is
shown that with the increase of the order of the parity re-
lation s, the optimal performance index of the parity space
approach converges to that of the H, approach, and the fre-
quency response of the optimal parity vector also converges
to the optimal post-filter Ropi(z) in the H; approach. This
result not only leads to a numerical solution of the Hj opti-
mal design but also provides theoretical basis for developing
advanced parity space approaches.
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