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Abstract

For diagnosis purposes and in order to develop new controllers for Spark Ignited
(SI) turbo engines, it is desirable to have complete simulation models that covers
all subsystems. A Mean Value Engine Model (MVEM) for a SAAB 2.3 litres SI
Turbo Charged engine is developed, emphasizing on pressures, temperatures and
mass flows for the air filter, intercooler, throttle, manifolds, cylinders, compressor
and turbine.

To get models that are as general as possible, they are in most cases based on
well known physical relationships, but when this approach fails or is insufficient,
black or grey box models are used. Most of the models presented are purely static,
i.e. they are calculated from data that is obtained from experiments where the
working condition is kept constant until stationary conditions are achieved. The
dynamics considered includes models for the intake manifold and the turbo shaft
speed.

The presented models gives insight into the behavior of the engine and sugges-
tions for future improvements are also given.
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Nomenclature
Symbol Quantity (explanation) unit
(A/F) Air-to-fuel ratio -
D2 impeller tip diameter for compressor m
D2,t impeller tip diameter for turbine m
ṁair Intake air mass flow rate kg/h

ṁair,c Intake air mass flow rate into cylinders kg/h

ṁcool Cooling air mass flow rate kg/h

ṁexh Exhaust manifold gas mass flow rate kg/h

ṁexh,c Exhaust gas mass flow rate out from cylinders kg/h

ṁfuel Fuel mass flow kg/h

ṁturbine Turbine exhaust gas mass flow rate kg/h

ṁwg1 Exhaust gas mass flow rate into turbine kg/h

ṁwg2 Exhaust gas mass flow rate directly to catalyst kg/h

N Engine speed rpm

Nt Turbo shaft speed rpm

pamb Ambient pressure kPa

paf Air filter outlet pressure kPa

pcomp Compressor outlet pressure kPa

pexh Exhaust manifold pressure kPa

pint Intercooler outlet pressure kPa

pman Intake manifold pressure kPa

pth Throttle plate outlet pressure kPa

pturbine Turbine outlet pressure kPa

pr Ratio of outlet and inlet pressure, general case -
pr,af Ratio of air filter outlet and inlet pressure -
pr,c Ratio of compressor outlet and inlet pressure -
pr,i Ratio of intercooler outlet and inlet pressure -
pr,t Ratio of turbine outlet and inlet pressure -
pr,th Ratio of throttle outlet and inlet pressure -
tinj Fuel injection time ms

T Engine torque Nm

Tamb Ambient temperature K

Taf Air filter outlet air temperature K

Tcomp Compressor outlet air temperature K

Texh Engine outlet air temperature K

Tint Intercooler outlet air temperature K

Tcool Intercooler cooling air temperature K

Tturbine Turbine outlet air temperature K

Vd Total cylinder displacement volume l

Vman Intake manifold volume l
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Symbol Quantity (explanation) unit
α Throttle plate angle rad

ε Intercooler efficiency -
γ Ratio of specific heats cp/cv -
λ Normalized (A/F) -
ηc Compressor isentropic efficiency -
ηt Turbine isentropic efficiency -
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Abbreviations
SI Spark Ignited
MVEM Mean Value Engine Model
TDC Top Dead Center
BDC Bottom Dead Center
ATDC After TDC
BTDC Before TDC
MEP Mean Effective Pressure
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Chapter 1

Introduction

1.1 Problem Specification and Objective

In the development stage of regulators, different models of the system for regula-
tor design and validation are used. To perform tests and evaluations of different
strategies for regulation it is desirable to have a complete simulation model for
the studied device, in this case a Spark Ignited (SI) turbo charged engine. To cap-
ture the main effects that influence the control design of a turbo charged SI engine,
Mean Value Engine Models (MVEM) are used. For MVEM’s the considered pa-
rameters are averaged over one or several engine cycles, that is the cycle by cycle
variations are not considered. Furthermore, processes which establish equilibrium
within the course of one or a few engine cycles are considered to be instantaneous.
They are expressed as algebraic equations, i.e. with no time dependence involved.
Processes that reach equilibrium within a few to 1000 engine cycles are referred to
as time developing relationships and are expressed by differential equations. The ob-
jective of this project is to develop an MVEM for the SAAB 2.3 liter turbo charged
engine in Vehicular Systems laboratory, and the following sub goals were stated:

• Evaluate existing MVEMs for all subsystems of a turbo charged spark ignited
engine.

• Construct a mean value model that is purely static, i.e. the model is built
from data that is obtained from experiments where the working condition is
held constant until stationary conditions are achieved.

• Investigate how well this static model captures the engine behavior under
dynamic engine operation.
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• Identify which parts of the model that can not describe the performance sat-
isfactory and explain why.

• Extend the model with required dynamic models (if time available).

1.2 Methods

For each subsystem a physical model is derived based on the laws of thermody-
namics, fluid mechanics, Newton’s laws, etc. Using the physics and making rea-
sonable simplifications, e.g. assuming ideal gas or that the specific heat is constant
in a certain range of the temperature, models are developed. Sometimes there are
still parameters that are not known or easily measured. To develop the final model
in these cases, different approaches are taken. For the static models, the most com-
mon method in this text is to use correlation analysis to investigate which vari-
ables influence the parameter of interest and then chose appropriate combinations
of the input signals as regressors in a linear, or in some cases, a non linear regres-
sion model. The coefficients in this model are then calculated by a least squares
fit to data obtained from measurements in the engine test-bench at Vehicular Sys-
tems laboratory or, for the turbo charger, from data supplied by the manufacturer.
Finally the model is validated for a set of data that was not used calculating the
model.

In order to identify the parts of the engine that need to be modeled as a dynamic
relation, i.e with a differential equation, the step response of the output signal were
studied. The actual equation is then derived from a balance equation that expresses
the conservation of some property e.g mass, and unknown parameters are tuned
to correspond with measurements.

1.3 Disposition

A description of how an SI engine works and a model overview is given in chapter
2. In the following chapters, 3 - 5, each submodel is presented. When reading these
chapters it might be a good idea to look back on chapter 2 to get a reminder of the
interconnections of the submodels before reading respective section. At the end
of each section in these chapters a summary of the submodel is presented. Finally
conclusions for the entire thesis are made in chapter 6.

To get a good understanding of how an engine work, basic knowledge about
thermodynamic systems and fluid mechanics are needed. A revise of thermody-
namics is therefore given in appendix B.2. A short description of multiple linear
and non linear regression is also given in appendix B.1 as it is a very helpful tool
for model development. Finally, the theory needed in fluid mechanics is presented
in connection with the submodel where it is applicable.
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1.4 Related Work

The two main textbooks covering Combustion Engine Fundamentals are writ-
ten by Watson & Janota [13] and Heywood [12]. Both are very comprehensive
and certainly recommended, especially as reference manuals. Some of the work
done on modeling of turbo charged spark ignited engines is done by Hendricks et
al. at the Technical University of Denmark ([15], [16] and [17]), Moraal and Kol-
manovsky at Ford([14]), Olin and Maloney at Delphi Automotive Systems ([23])
and by Guzzella and Amstutz at the Swiss Federal Institute of Technology ([24]).
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Chapter 2

SI Engine Modeling

The purpose of an automotive engine is to supply the power needed to move the
vehicle. This is accomplished by producing mechanical power from the chemi-
cal energy contained in the fuel, in this case gasoline. This energy is released by
burning or oxidizing the fuel. For internal combustion engines this is done inside
the engine, where the fuel-air mixture before combustion and the burned products
after combustion are the actual working fluids. The work transfer which provides
the desired power output occur directly between this working fluids and the me-
chanical components of the engine. In this thesis a turbo charged SI engine, or Otto
engine after Otto, who first developed the SI engine in 1876, is treated. Sometimes
SI engines may also be referred to as gasoline or petrol engines, even though other
fuels can be used.

2.1 Engine System

A schematic overview of the engine with surrounding devices is given in figure
2.1. The amount of air entering the engine is governed primary by the angle of the
throttle. When the air enters the system it first passes an air filter that takes care of
some pollutants, such as dust, to protect the engine. After this the air reaches the
compressor where pressure is increased, resulting in increased density. A larger
amount of air may thus enter the cylinders at each cycle, resulting in higher power
output. However, the effect of the pressure increase is partly counteracted by an
increase of temperature in the compressor. To decrease the temperature, the air
passes through a heat exchanger, the intercooler, before it passes the throttle and
enters the intake manifold, which acts as a reservoir to give a steady flow of air
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Figure 2.1 Schematic figure of SI engine with turbo charger

into the engine. The actual work is done in the cylinders in a four stroke cycle,
described in section 2.2. After the combustion the exhaust gases passes the exhaust
manifold and part of it is used to propel the turbine, which delivers power to the
compressor. The rest of the exhaust gases are bypassed through a waste gate, used
to protect the turbine from overspeeding, but also to control the amount of power
delivered to the compressor. All the exhaust gases is then passed through a catalyst
and cleaned before it leaves the system.

2.2 Four Stroke Cycle

For a four stroke engine the combustion cycle is divided into four steps, strokes,
illustrated in figure 2.2 and described below. Note that all the mentioned values
of the crank shaft angle are only examples and may vary a lot from one engine to
another.

The first stroke is called the intake stroke (from top dead center (TDC) to bot-
tom dead center (BDC)). During this, the intake valve is open and while the piston
moves downwards the cylinder is filled with a fresh air/fuel charge from the in-
take manifold. Due to the open inlet valve the cylinder pressure remains fairly
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CompressionIntake Expansion Exhaust

Inlet Inlet Inlet InletExhaust Exhaust Exhaust Exhaust

Figure 2.2 The four strokes intake, compression, expansion, and exhaust of a four stroke
internal combustion engine.

constant.
A compression stroke (BDC-TDC) follows, where the air/fuel mixture is com-

pressed to higher temperatures and pressures through the mechanical work pro-
duced by the piston. About 25◦ BTDC (before TDC) a spark ignites the mixture
and initiates the combustion, whereas the flame propagates through the combus-
tion chamber and adds heat to the fluid.

The combustion continues into the expansion stroke (TDC-BDC) and finishes
around 40◦ ATDC (after TDC). Work is produced by the fluid during the expansion
stroke when the volume expands. Around 130◦ ATDC the exhaust port is opened
and the blowdown process starts, where the cylinder pressure decreases as the
fluid is blown out into the exhaust system by the higher pressure in the cylinder.

During the final stroke, exhaust stroke (BDC-TDC), the valves are still open and
therefore the pressure in the cylinder is close to the pressure in the exhaust system
and the rest of the fluid in the combustion chamber is pushed out into the exhaust
system as the piston moves upwards. When the piston reaches TDC a new cycle
starts with the intake stroke. The described four stroke cycle results in the pressure-
volume diagram illustrated in figure 2.3.

2.3 Model Overview

Figure 2.4 shows an overview of the submodels presented in this thesis and their
interconnections. When reading about each submodel in the following chapters it
might be a good idea to go back to figure 2.4 to see how each submodel interact
with the others. Note that input and output signals are not always connected in
the order one might think of when looking at the physical connections, illustrated
in figure 2.1, e.g. air mass flow is given as an output from the throttle model and
taken as an input to most other models. Note that models for the Catalyst, Exhaust
Manifold and Waste Gate are not presented in this thesis. They are all left to future
projects due to lack of control of the exhaust gas flow at our test bench.
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Figure 2.3 pV diagram for the four stroke cycle. The left plot shows the full cycle and the
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to: 1) Inlet valve closing. 2) Start of combustion. 3) Maximum pressure. 4) Exhaust valve
opening. 5) Inlet valve opening. 6) Exhaust valve closing.

2.3.1 Experimental Procedures

When modeling each subsystem, an analysis of which input and output signals
are needed is made. Then experiments are done to get the time needed before the
system reaches stationary operating conditions, that is constant pressures, temper-
atures, mass flows, etc., after changing throttle angle or engine speed. When this
is done the actual experiment is made by choosing an appropriate span of engine
speeds and throttle angles and then running the engine through all these chosen
operating conditions. After each change of operating condition the engine is run
enough time to reach stationary conditions, input and output parameters are then
sampled for a couple of seconds and averaged. The obtained information is then
used to develop the models.

The chosen input and output signals for each submodel are given in figure 2.4.
Note that inlet and outlet temperatures, T , rather than efficiencies, η, showed as
signals in the figure, are measured. These temperatures are then used to calculate
the efficiencies.
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Chapter 3

Intake System

The Intake System consists of air filter, compressor, intercooler, throttle, and intake
manifold. In this chapter models for all parts , exempt the compressor, are devel-
oped. The model for the compressor is presented in section 4.2 in connection with
the rest of the turbo charger.

1. Air Filter
2. Compressor
3. Intercooler
4. Throttle
5. Intake Manifold

1.

2.

3.
4.

5.

Figure 3.1 Sketch of the intake system.
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3.1 Air Filter

ṁair-

ṁair
?

Tamb

pamb

Taf paf

Figure 3.2 Sketch of air filter.

Besides the obvious, and desired, effect of cleaning the air from some pollutants,
the air filter also has the effect of lowering the pressure, hence a model for this
pressure loss should be made. Also models for the ability of the air filter to take
care of e.g. dust particles and moisture (and how this affects the engine) are of
interest, but are not considered here.

3.1.1 Air Filter Measurement Procedures

The following experiment was performed on the air filter:

• ṁair, Tamb, Taf and paf were measured for different engine speeds and
throttle plate positions, pamb was estimated to be constant and equal to the
maximum value of paf, that is air filter outlet pressure when there is no flow.

• N ranges from 1500 rpm to 4500 rpm with steps of 500 rpm.

• α is varied in the entire engine working area.

• The parameters of interest were measured during 3 seconds and then aver-
aged after waiting 10 seconds between each change in operating condition
for stabilization of pressure and temperatures.

3.1.2 Pressure Models

When liquid flows through a tube there is normally a loss of power through friction
against the walls and internal friction in the fluid. This leads to a pressure drop
over the tube. The pressure drop depends on the volumetric flow, Q (volume per
time unit), and generally we can write

p(t) = h1(Q(t))

The properties of the function h1 depends on the properties of the tube. If the tube
is thin or filled with a porous medium, d’Arcy’s law applies1:

p(t) = RfQ(t) (3.1)
1d’Arcy’s law is named after Henry d’Arcy (1803-1858), recognized as the father of groundwater

hydraulics.
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correlation ṁair ṁ2
air Tambṁ2

air T2
ambṁ2

air

ploss 0.9618 0.9991 0.9992 0.9992

Figure 3.3 Correlations for pressure loss over air filter.

where Rf is called the flow resistance. d’Arcy’s law is based on empirical evidence
only and it has been observed that the proportionality does not hold if the flow is
not laminar. If the tube contains a sudden change in area, we have the approximate
relationship

p(t) = H · Q2(t) · sgn(Q(t)) (3.2)

for some constant H. The intake and outlet of the air filter both contains sudden
changes in area (i.e. (3.2) applies), furthermore the interior of the air filter is filled
with a porous medium (i.e. (3.1) applies). However we do not have any possibility
to measure the volumetric flow on our test bench, thus we want to describe the
models as a function of mass flow, rather than volumetric flow. The relationship
between these two is given by:

Q =
ṁair

ρ
=
[
ρ =

p

RT
for ideal gas

]
=

ṁairRT

p

Assuming that Rf in (3.1) is constant for the interior of the air filter and using the
relationship between volume and mass flow given above, the pressure loss could
be described as a sum of (3.1) and (3.2);

ploss = H1 ·
(

ṁairRTamb

pamb

)
+ H2 ·

(
ṁairRTamb

pamb

)2

(3.3)

Note that the pressure loss due to the sudden change in area should be a func-
tion of pamb at the air filter inlet and pcomp at the outlet, further on the pressure
loss through the air filter is a function of the pressure at each cross section of it.
However, pamb is used in the model for simplicity.

Looking at correlations given in table 3.3 suggests that a model based on
Tambṁ2

air should also be feasible;

ploss = KTambṁ2
air (3.4)

This model is in fact the standard model used by e.g. Watson [13], but as figure
3.4 shows the model based on d’Arcy’s law gives slightly better result than the
standard model.

As seen from (3.3) and (3.4), the models for the pressure loss includes both
the ambient temperature and pressure, two parameters that are of limited con-
trol in the laboratory. The ambient pressure is approximately constant around 1.0

atm, while the temperature fluctuates between 293 K and 325 K, depending on e.g.
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Figure 3.4 Model for pressure loss over air filter with ’x’: validation points, ’�’: model
(3.3), ’◦’ model (3.4). The first 14 operating conditions are for one constant engine speed,
with increasing throttle angle, and the rest are for another with increasing throttle angle.

operating condition. This means that there is no possibility to make appropriate
tests for how ambient pressure and temperature affect pressure loss, thus models
which are functions of mass flow only would give (almost) equally as good re-
sults as those that also includes the temperature and the pressure, but would of
course be less general. At e.g. Nordic conditions the ambient temperature may, as
the reader might be well aware of, go far below these limits, just as the ambient
pressure would do at high altitude.
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3.1.3 Air Filter Summary

paf,loss = KTambṁ2
air

paf,loss = H2 ·
(

ṁairRTamb

pamb

)2

+ H1 ·
(

ṁairRTamb

pamb

)
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3.2 Intercooler

?Tcool ṁcool

i

Tcomp

pcomp

ṁair-
Tint

pint

Figure 3.5 Sketch of the intercooler.

As will be explained in chapter 4, the main purpose of turbo charging an engine is
to provide larger power output without increasing the size of the engine. This is
done by compressing the intake air, thus increasing its density, making it possible
to inject and burn more fuel in the cylinder. However, the first law of thermody-
namics states that it is impossible, unless the compressor is cooled, to compress the
air without raising its temperature.

By using a heat exchanger called intercooler to cool the charge air back to near
ambient temperature, two desirable effects are obtained. The first is that lowering
the inlet air temperature makes the temperature lower in the entire engine working
process and thus providing a margin of safety to an undesired phenomenon called
knock. Knock is not treated further in this report, but it is worth mentioning that it
occurs when the fuel is self ignited and that it can be prevented if the temperature
is kept low. Consider for example [13] for a more thorough explanation of knock.
The second advantage becomes obvious when studying the equation of state for
an ideal gas, ρ = P

RT
. From this it is seen that the temperature rise partially offsets

the benefit in density of increasing the pressure.
The ability for the intercooler to lower the temperature is characterized by a

measure of efficiency, ε, which may be defined as:

ε =
actual heat transfer

maximum possible heat transfer

The maximum value of heat transfer could be attained if one of the fluids were
to undergo a temperature change equal to the maximum temperature difference in
the heat exchanger, which is the difference in entering temperatures for the hot and
the cool fluid. If both the fluids present in the exchanger are air, conservation of
energy requires that the fluid that undergoes this maximum temperature change
is the one with the minimum value of the air mass flow rate. For all practical
purposes of an intercooler, this is ṁair, i.e. the compressor outlet flow. Then the
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expression for ε becomes:

ε =
Tcomp − Tint

Tcomp − Tcool

hence Tint, which is the parameter of interest, can be expressed as:

Tint = Tcomp − ε (Tcomp − Tcool) (3.5)

where Tcomp is the compressor outlet air temperature and Tcool is the temperature
of the cooling medium, in this case the ambient air temperature.

To achieve efficient cooling of the charge air, the tubes in the intercooler need
to be rather thin in order to expose as much as possible of the air to the cooling
medium. The result is that some of the gain in intake air density is lost. Therefore,
besides models for the outlet air temperature, also a model for the pressure loss
need to be developed. This is done in the following sections.

3.2.1 Intercooler Measurement Procedures

The following experiment was performed on the intercooler:

• ṁair, Tcomp, Tint, Tcool, pcomp and pint were measured for different engine
speeds and throttle plate positions

• N ranges from 1300 rpm to 4800 rpm with steps of 500 rpm.

• α is varied in the entire engine working area.

• The parameters of interest were measured during 3 seconds and then aver-
aged after waiting 1 minute between each change in operating conditions
for stabilization of pressures and temperatures. Between each series of en-
gine speeds, that is when changing from one engine speed to a higher and
decreasing the throttle angle at the same time, the engine is run several min-
utes to secure stationary conditions.

• The measurements were repeated for three different speeds of the intercooler
fan: 30%, 60% and 90% of maximum speed.

The cooling air mass flow, ṁcool, could not be measured in the laboratory, but
by estimating the air speed for maximum fan speed and making the assumption
that the air speed is proportional to the fan speed, a value of ṁcool is obtained
from the relation:

ṁcool = ρaAvcool

where ρa is the ambient air density, A the intercooler front area and vcool is the
air speed i.e. the velocity of the car. To get an idea of the order of ṁcool, assume
A = 0.25 m2, vcool = 70 km/h = 25 m/s and ρa = 1.293 kg/m3 which gives
ṁcool ≈ 30 × 103 kg/h.
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Figure 3.6 Intercooler outlet air temperature dependence on air mass flow. ⊗ marks
increasing throttle angle. × decreasing. Differences between measurements is due to not
waiting enough after change in throttle plate position before making measurements. That
is we do not have stationary conditions.

A problem when measuring the intercooler properties is that, when changing
the throttle plate position and thus changing the operating conditions of the en-
gine, it takes quite long time for the temperatures to reach stationary level. To get
a hint of what can be a reasonable time period to wait between measurements, ex-
periments were performed measuring the intercooler outlet air temperature, Tint,
while the throttle plate opening area was first increased stepwise and then re-
turned to its initial position. Increasing the opening area increases the air mass
flow into the engine, causing it to reach a higher operating condition with an in-
crease in temperature as a consequence.

In figure 3.6, intercooler outlet temperature is plotted for increasing air mass
flows in the same diagram as the one for decreasing mass flows. For both series
the time between each sample is the same but, as the figure shows, the tempera-
tures for a certain air mass flow does not correlate between the two different series,
hence stationary conditions is not reached for at least one of the series.

Further investigations shows that it takes less than one minute to reach sta-
tionary conditions when increasing the throttle angle and about a ten times longer
interval is needed during decrease. As it would take too much time to wait about
ten minutes between every change in operating condition, measurements are done
for increasing throttle positions only.
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3.2.2 Temperature Models

Assuming that ṁair is less than ṁcool, as mentioned earlier, the intercooler out-
let temperature is given by equation (3.5). From this expression it is seen that in
order to predict the intercooler outlet temperature, one need a model for the in-
tercooler efficiency, ε. Figure 3.7 illustrates the intercooler architecture used in the

tube

fins

ṁair

ṁcool

Figure 3.7 Cross flow, both fluids unmixed intercooler

experiments in this section. The air flowing across the finned tube as well as the
air flowing in the tubes is said to be unmixed since it is confined in separate chan-
nels between the fins and tubular channels respectively, so that it can not mix with
itself during the heat transfer process. For this reason, an intercooler of this type is
referred to as a Cross flow intercooler, both fluids unmixed.

Expressions for numerous intercooler architectures are listed in [5] and for an
architecture as described above, it is stated as:

ε = 1 − e
e−N0.78C−1

N−0.22C (3.6)

where

N =
UA

Cmin

, C =
Cmin

Cmax

and

Cmin = (ṁcp)
min

, Cmax = (ṁcp)
max

, cp = cp,air

If ṁair is recognized as the minimum fluid, these expressions can be rewritten:

ṁair < ṁcool ⇒ Cmin = ṁaircp,air, Cmax = ṁcoolcp,air
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This gives:

N =
UA

cp,airṁair

, C =
ṁair

ṁcool

where A is a constant denoting some effective surface for the heat transfer. U

is the overall heat transfer coefficient, describing the combined heat transfer by
convection on the inner tube surface, conduction inside the tube material and again
convection on the outer tube surface. See e.g. [5] for further explanations of the
heat transfer processes involved.

If the inside and outside area of the tubes are considered approximately equal
and the amount of heat transfer from conduction is neglected, the overall heat
transfer coefficient U can be written as:

U =
1

1
hi

+ 1
ho

The main subject is to model the convection heat transfer coefficients, hi and ho,
for the inside and the outside of the tubes respectively. For turbulent fluid flow
through smooth tubes the following empirical relation between the Nusselts2 (Nu),
Prandtl3 (Pr) and Reynolds4 (Re) numbers is recommended in [5] (In the below
expressions K1, K2, . . . denotes constants):

Nu = K1Re0.8Pr0.3 (3.7)

The Nu, Pr and Re numbers are groupings of different properties for the fluids
involved in the heat transfer and for simplicity, in this text the properties that can
be assumed constant are lumped together and are not explained further. For our
purposes, these numbers can be written in the following, simplified form:

Nu = K2h, Re = K3

ṁ

µ
, Pr = K4µ

where h is the convection heat transfer coefficient, µ is the dynamic viscosity and
ṁ is the mass flow rate of the fluids involved. Inserting the above in equation (3.7)
gives an expression for h:

h = K5ṁ0.8µ−0.5

µ is a strongly temperature dependent parameter and is modeled by simply fitting
an exponential function to the values of the dynamic viscosity tabulated in [4]. If

2Named in honor of Wilhelm Nusselt (1882-1957) who was nominated Professor of theoretical and
Mechanical Engineering at the Thechnische Hoschule, Karlsruhe in 1920. Between 1925 and 1952 he
taught at the Thechnische Hoschule, Münich. He published his fundamental work “The Fundamental
Laws of Heat Transfer” in 1915.

3Born in Germany, Ludwig Prandtl (1875-1953) taught at Hannover Engineering College and then
Göttingen University. He is called the creator of modern fluid mechanics.

4Osborne Reynolds (1842-1912), English physicist and professor who presented this in a publication
of his experimental work in 1882.
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Figure 3.8 x:Tabulated values for the dynamic viscosity of dry air at atmospheric pressure
plotted versus temperature. The solid line is the fitted model.

the model is calculated for tabulated values in the temperature interval ranging
from 220K to 400K, which should cover the interesting temperatures by margin,
the following expression for µ can be used:

µ = 2.3937 · 10−7T0.7617 (3.8)

Figure 3.8 shows the tabulated values and the fitted curve respectively, plotted
versus temperature.

To determine the temperatures at which µi and µo should be evaluated, some
further simplifications has to be made in order to get a reasonable complexity of
the model. These includes:

• The temperature of the outside of the intercooler tubes is constant and equal
to the cooling air temperature, Tcool, so that

T ≈ Tcool

for the outside heat transfer process.

• The mean temperature of the air inside the intercooler tubes is taken as the
average of the entering air temperature, Tcomp, and Tcool. That is:

T ≈ Tcomp + Tcool

2

for the heat transfer inside the tubes.
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A more accurate calculation of the mean temperature inside the tubes should use
the real exit temperature Tint instead of Tcool, but this is certainly increasing the
difficulty calculating Tint from equation (3.5). In this case the equation takes the
form:

Tint = Tcomp − ε (Tcomp − Tcool) =

= Tcomp −

(
1 − e

e
f1(Tint)−1
f2(Tint)

)
(Tcomp − Tcool)

and this equation can not be solved analytically for Tint, instead some numerical
method has to be used. However, the above approximations of T results in the fol-
lowing expressions for the inside and outside convection heat transfer coefficients:

hi = K5ṁ0.8
airµ

−0.5
i , µi = 2.3937 · 10−7

(
Tcomp + Tcool

2

)0.7617

ho = K6ṁ0.8
coolµ

−0.5
o , µo = 2.3937 · 10−7T0.7617

cool

From the 30 · 103 kg/h estimation of ṁcool in section (3.2.1) and a typical value
of ṁair of approximately 300 kg/h, it seems reasonable to neglect the term 1

ho
in

U, in comparison with 1
hi

. Thus the overall heat transfer coefficient is simplified
to U = hi. To summarize the above discussion, the model for ε to use in equation
(3.5) becomes:

ε = 1 − e
e−N0.78C−1

N−0.22C

N =
K

cp,air

ṁ−0.2
air µ−0.5

i

µi = 2.3937 · 10−7

(
Tcomp + Tcool

2

)0.7617

C =
ṁair

ṁcool

The unknown constant K is determined from a least squares fit to measured data
and as can be seen, the model is now expressed in variables that can easily be
measured or estimated. Figure 3.9 shows the modeled and real values for ε and
Tint respectively and it shows that for low values of ṁair, the modeled efficiency
deviates quite a lot from the measured. Several reasons are conceivable; the as-
sumptions made when estimating ṁcool might be erroneous, the conditions for
the actual fluid flow in the tubes does perhaps not quite fulfill the requirements
for equation (3.7) to express the correct relationship between the Nu, Re and Pr
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Figure 3.9 x: Measured values, diamond: Predicted. The figure shows measured and
predicted values for ε and Tint respectively for the case of 60% fan speed. Maximum error:
2.5K.

numbers etc. Fortunately, since the error for ε is largest for low values of ṁair,
where Tcomp also is rather low, the error when calculating Tint with (3.5) is rea-
sonably small and as can be seen in the bottom plot of figure 3.9, the agreement
between model and reality is fairly good.

Another approach for modeling ε would be to use the above calculations only
as an indicator of which parameters that affect the efficiency and use them as re-
gressors in a linear regression model. Choosing the mean tube temperature and
air mass flow together with the ratio of the air mass flow and the cooling air mass
flow, the following model for ε may be stated;

ε = a0 + a1

(
Tcomp + Tcool

2

)
+ a2ṁair + a3

ṁair

ṁcool

(3.9)

The result is displayed in figure 3.10 and it shows that this model has somewhat
better correlation with Tint than the previous, but might be less general.

3.2.3 Pressure Models

The intercooler may be described as a thin and long tube, with some direction
changes, cooled by the surrounding air. The pressure losses stem from friction
against the walls and the direction changes. Nakayama [8] states that both losses
are proportional to the squared mass flow. Thus both (3.3) and (3.4) should give
a good description of the pressure loss over the intercooler. With the assumption
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that the pressure loss due to change of direction depends only on the squared mass
flow (3.3) could be simplified;

ploss = H ·
(

ṁRTcomp

pcomp

)2

(3.10)

As figure 3.11 shows, all models give very similar results, and the simplified or the
standard model are preferable as they have less predictors than (3.3).
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Figure 3.10 x: Measured values, o: Predicted. The figure shows measured and predicted
values for ε and Tint respectively for the case of 60% fan speed. Maximum error: 1.5K.
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Figure 3.11 Model for pressure loss over intercooler with ’x’: validation points, ’�’: model
(3.3), ’o’: model (3.10) ’–’. Note that (3.3) and (3.4) coincides almost exactly, therefor (3.4)
is not plotted in this figure. The first 14 operating conditions are for one constant engine
speed, with increasing throttle angle, and the rest for another with increasing throttle angle.
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3.2.4 Intercooler Summary

Tint = Tcomp − ε (Tcomp − Tcool)

ε - model 1:

ε = 1 − e
e−N0.78C−1

N−0.22C

N =
K

cp,air

ṁ−0.2
air µ−0.5

i

µi = 2.3937 · 10−7

(
Tcomp + Tcool

2

)0.7617

C =
ṁair

ṁcool

ε - model 2:

ε = a0 +
a1

1000

(
Tcomp + Tcool

2

)
+

a2

1000
ṁair + a3

ṁair

ṁcool

pint,loss = KTcompṁ2
air

pint,loss = H ·
(

ṁairRTcomp

pcomp

)2
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3.3 Throttle

Tint

pint pth

ṁair

α

-

Figure 3.12 Sketch of throttle.

The throttle is used to control the air mass flow in the intake system. The throttle
motion is governed by an electrical servo, which can be modeled using standard
DC motor models and a friction model (see [19]). The main interest though, is to
model the air mass flow through the throttle. This has been done by e.g. Heywood
[12] and Müller [15].

3.3.1 Throttle Measurement Procedures

The following experiment was performed on the throttle:

• ṁair, Tint, pint and pth were measured for different engine speeds and
throttle plate positions.

• N ranges from 1500 rpm to 4500 rpm with steps of 500 rpm.

• α is varied in the entire engine working area.

• The parameters of interest were measured during 3 seconds and then aver-
aged after waiting 10 seconds between each change in operating condition
for stabilization of pressure and temperatures.

3.3.2 Air Mass Flow Model

A standard approach when modeling the throttle plate air mass flow, ṁair, is to
consider the air mass flow through a venturi, which is given by

ṁair(α, pin, pout, Tin) =
pin√
RTin

Q(α)Ψ(pr)

where Q is a function that depends on the opening area, Ath, and a discharge
coefficient, Cd, that depends on the shape of the flow area;

Qth = AthCd
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and Ψ(pr) is a nonlinear function of the pressure ratio, pr = pout

pin
, and is given by

Ψ(pr) =




√
2γ

γ−1

(
p

2
γ
r − p

γ+1
γ

r

)
for pr >

(
2

γ+1

) γ
γ−1

√
2γ

γ−1

((
2

γ+1

) 2
γ−1

−
(

2
γ+1

)γ+1
γ−1

)
else

This gives the following model for the throttle:

ṁair(α, pint, pth, Tint) =
pint√
RTint

Qth(α)Ψ(pr,th) (3.11)

where

pr,th =
pth

pint

Nyberg [20] suggests the following simple physical model for the opening area:

Ath = A1(1 − cos(a0α + a1)) + A0

where A1 is the area that is covered by the throttle plate when the throttle is closed
and A0 is the leak area present even though the throttle is closed. The parameters
a0 and a1 are compensation for that the actual measured throttle angle may be
scaled and biased because of production tolerances. The discharge coefficient, Cd

, is assumed to be constant, thus

Qth = Q1(1 − cos(a0α + a1)) + Q0 (3.12)

More complex, and physical correct, models are presented by e.g. Heywood, but
they fail to give a better fit to sampled data. A couple of other models (found by
looking at correlations) where also tested;

Qth(α) = a2α2 + a1α + a0 (3.13)
Qth(α) = a2 cos2 α + a1 cos2 α + a0 (3.14)

These models lack the physical background of (3.12) but nevertheless shows al-
most as good fit to available data. The average error is below 2% for all of them,
but as (3.12) could be expected to have better extrapolating capabilities, due to it’s
physical background, it is preferable to select this model over the other two. A
validation of this model is shown in figure 3.13.

Remarks on turbulence It is clear from geometrical considerations and flow vi-
sualization studies that the flow around a typical throttle can not be isentropic, see
figure 3.14. If this is considered, a more accurate physical model may be devel-
oped. This is not done in this thesis (refer to [17] for a brief study), but the effects
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Figure 3.13 Validation of (3.12), with Q plotted versus throttle angle. The solid
line marks the model and ’x’ marks validation points.

should not be too significant. Furthermore, the flow characteristics depend on how
the manufacturer has chosen to construct the throttle plate.

S

D
pin pout

Figure 3.14 Approximate air mass flow distribution through throttle. D and S
denote Dominant and Subordinate flow paths.
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3.3.3 Throttle Summary

ṁair(α, pint, pth, Tint) =
pint√
RTint

Qth(α)Ψ(pr,th)

Qth = Q1(1 − cos(a0α + a1)) + Q0
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3.4 Intake System Dynamics

3.4.1 Pressure Dynamics

As can be seen in figure 2.1 the compressor outlet air has to pass through a tube
to the intercooler, through the intercooler and another tube, past the throttle to the
intake manifold before it enters the engine. The total volume of the intake system
is of the order 10−15 litres and therefore, for a sudden increase in the inlet air mass
flow it takes some time for the flowing air to fill the volume and to build up the
pressure in the intake system. An example is shown in figure 3.15, where the air
mass flow and the intake manifold pressure were measured for a series of sudden
changes of the throttle plate angle.
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Figure 3.15 The top of the figure shows manifold pressure and air mass flow into the
manifold for a series of sudden changes in throttle angle. The box shows the zoom area for
the bottom plot.

In this thesis a model for the pressure build-up in the intake manifold is devel-
oped using a balance equation expressing the conservation of mass in the mani-
fold:

Mass Flow entering − Mass Flow leaving = Stored mass per unit of time (3.15)

where the air mass flow entering and leaving would be the flow past the throt-
tle and the flow entering the engine respectively. A more complete model, better
suited for dynamic operation should include a similar model for the volume con-
sisting of the tubings and the intercooler. In this case the entering and leaving
flow is that from the compressor and past the throttle respectively. Looking at
figure 2.4 it is seen that this would require changing the current model structure
for the compressor to express the air mass flow through the compressor as a func-
tion of the shaft speed and the ratio of the outlet and the inlet pressure, that is:
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ṁair = f(Nt, pr) rather than the existing: pr = f(Nt, ṁair). This also affect other
models such as for the air filter and the turbo shaft speed and is not done, but is
left to future projects.

For the intake manifold, equation (3.15) becomes:

d

dt
mair,man = ṁair − ṁair,c (3.16)

where mair,man is the air mass in the manifold, ṁair is the air mass flow past the
throttle as stated in equation (3.11) and ṁair,c, the air mass flow into the cylinders
is calculated below. Note that in this section SI units are used instead of those
given in the nomenclature.

The volumetric efficiency, ηvol, is a measure of the effectiveness of the engine
to induct fresh air and is defined as the ratio of the actual volume flow rate of air
entering the cylinders, ṁair,c

ρair,man
, and the rate at which volume is displaced by the

piston, VdN
2×60

. The factor 2 in the denominator arise from the fact that the engine
inducts fresh air in each cylinder every second revolution only. Using the above,
the expression for the volumetric efficiency becomes:

ηvol = 120
ṁair,c

ρair,manVdN
=

[
ρair,man =

pman

RTman

]
= 120

ṁair,cRTman

pmanVdN
(3.17)

In order to determine ηvol, experiments were performed running the engine at a
large number of different speeds and throttle positions. When Tman, which is the
slowest parameter, has reached a stationary value, pman, Tman and ṁair were
measured. Note that for stationary conditions, no mass is stored in the manifold
so that the air mass flow into the cylinder equals that past the throttle and thus
ṁair,c = ṁair. Using equation (3.17) to calculate ηvol for each set of measured
values and plot it versus N and pman gives a ηvol map shown in figure 3.16. When
the volumetric efficiency is mapped, ṁair,c can be calculated from (3.17).

ṁair,c =
ηvolVdN

120RTman

pman (3.18)

Using the ideal gas equation of state for the manifold, mair,man in (3.16) can be
expressed in terms of pman in the following way:

mair,man =
Vman

RTman

pman (3.19)

If equation (3.19) is differentiated, the left hand side in (3.16) can be determined.

d

dt
mair,man =

Vman

R

d

dt

(
pman

Tman

)
=

Vman

RTman

[
d

dt
pman −

pman

Tman

d

dt
Tman

]
(3.20)

The variations in Tman is very slow in comparison to changes in pman and there-
fore the last term in (3.20) is neglected, that is:

d

dt
mair,man =

Vman

RTman

d

dt
pman (3.21)
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Figure 3.16 Volumetric efficiency map.

Finally, inserting equations (3.18) and (3.21) in (3.16) results in the following dy-
namic equation for the manifold pressure:

d

dt
pman +

ηvolVdN

120Vman

pman =
RTman

Vman

ṁair (3.22)

Figure 3.17 shows a validation of this model for a sudden change in throttle an-
gle. The air mass flow entering the intake manifold, ṁair, could not be measured
during the transient, but is calculated from the model in section 3.3.

3.4.2 Temperature Dynamics

Another dynamic aspect that should be considered is that for the intercooler outlet
temperature. However faster temperature sensors are needed to perform appro-
priate experiments, therefore temperature dynamics are not considered further in
this thesis, but should be studied in future projects.
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Figure 3.17 Validation of the intake manifold pressure model for N = 1500 rpm with a
step change in throttle angle. Solid line: measured pressure. Dashed: predicted.
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3.4.3 Intake Manifold Summary

d

dt
pman +

ηvolVdN

120Vman

pman =
RTman

Vman

ṁair

Remark: SI units are used in this equation.
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Chapter 4

Turbo

The maximum power a given engine can deliver is limited by the amount of fuel
that can be burned efficiently inside the engine cylinder. This is limited by the
amount of air that is inducted into each cylinder each cycle. If the inducted air is
compressed to a higher density than ambient, prior to entry into the cylinder, the
maximum power an engine of fixed dimensions can deliver will be increased. This
is the primary purpose of the turbo charger.

The most difficult part when modeling turbo engines is the modeling of the
turbo charger dynamics. Several models are presented by e.g. Müller [15], Moraal
[14] and Watson & Janota [13]. Most existing models are performance maps, con-
sisting of a collection of known operating conditions. Interpolation is used to cal-
culate intermediate operating conditions. Due to the following problems these
models are not satisfactory:

• Accuracy is highly dependent on the amount of data available.

• Questionable extrapolating capability.

• Model implementation is not exact.

• Table look-up induces numerical noise (discontinuities).

• No basis for extrapolation in surge region (see figure 4.3).

By developing models based on physical relationships it is likely, but not certain,
that extrapolating capabilities will improve. However no investigation is per-
formed with respect to extrapolation.
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4.1 Compressor Nomenclature

The following nomenclature and units are used in chapter 4.2 to describe internal
signals velocity triangles for the compressor.

Symbol Quantity (explanation) unit
A1 inducer inlet cross sectional area m2

C1 absolute air velocity entering the inducer m/s

C2 absolute air velocity leaving impeller tip m/s

D1 representative diameter of inducer inlet area m
D2 impeller tip diameter m
U1 inducer blade representative velocity m/s

Uc (U2) impeller tip speed m/s

W1 air velocity relative to the inducer blade m/s

W2 air velocity relative to the rotor blades m/s

Wθ1 desctructed component of W1 m/s

β backsweep angle rad

β2 relative flow angle at impeller tip rad

β2b impeller backsweep angle rad

βopt optimal relative flow angle,
resulting in zero incidence loss rad

ρ1 compressor inlet static density kg/m3

Subscripts
r radial component
θ tangential component



4.2. COMPRESSOR 53

4.2 Compressor

To counteract the density loss due to the increase in temperature it is desirable to
achieve a compression process that approaches the isentropic, since this process
yields the least temperature rise. It is true that the compressed air is cooled in the
intercooler, but as could be seen in section 3.2, lower intercooler inlet temperature
results in overall lower temperature in the intake system and thus a higher air
density. Depending on the structure of the models of the other engine subsystems,
two different approaches for the compressor model are feasible. That is to either
model the flow through the compressor as a function of pressure ratio and turbo
shaft speed, or the pressure ratio as a function of compressor flow and turbo shaft
speed. As the compressor flow is given by the air mass flow model for the throttle
in the stationary case, the latter version is chosen.

4.2.1 Compressor Geometry

Figure 4.1 Components of centrifugal compressor

In this section the compressor geometry is presented, to set each part of the com-
pressor into context this is done by giving an explanation for what happens at
respective part. The radial flow, or centrifugal, compressor is made up from four
basic components or sections

0. Stationary inlet casing.

1. Rotating impeller.

2. Stationary diffuser of the vaneless type.

3. Collector or volute.
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These components are denoted by respective number in figure 4.2.1. In some com-
pressors guide vanes have been fitted in the inlet casing, principally to enable some
control to be exercised on the flow characteristics. However this is not the case for
the compressor studied here. The studied compressor has an axial inlet flow into
the inlet casing, which simply directs the air flow into the impeller eye, or inducer.
Since the velocity of the air must increase as it approaches the eye, its static pres-
sure will decrease accordingly. In the impeller the blades impart a swirling motion
on the air, which leaves the impeller tip outer diameter, D2, at high velocity. Work
transfer takes place in the impeller and the static pressure of the air increases from
the inducer to the impeller tip due to the centripetal acceleration. The purpose
of the diffuser is to convert the high velocity of the air leaving the impeller into
pressure by slowing it down carefully to an acceptable level, that is to diffuse. The
collector or volute collects the gases from around the circumference of the diffuser
and delivers it to the exit duct, which leads to the intercooler.

4.2.2 Physical Relationships for Compressor

From the first law of thermodynamics the following relationship can be established
for a quasi equilibrium adiabatic process of an ideal gas with constant specific
heats:

pvγ = const

For such a process between states 1 and 2, the following equality may be stated:

p1v
γ
1 = p2v

γ
2 (4.1)

Using the ideal gas equation of state pv = RT in state 1 and 2 gives:

p1v1

T1

=
p2v2

T2

(4.2)

If (4.1) and (4.2) are combined, the expression for isentropic compression between
states 1 and 2 is obtained:

p2

p1

=

(
T2,is

T1

) γ
γ−1

=

(
1 +

∆Tis

T1

) γ
γ−1

(4.3)

As mentioned, the above expressions is valid only if the process is isentropic, i.e.
no change in entropy. This process is illustrated with the solid vertical line in the
enthalpy-entropy diagram in figure 4.2. In a real process there are always losses
and the compression deviates from the ideal isentropic case. The dotted line in
figure 4.2 shows that change in enthalpy and thus in the temperature is larger for
the real process. To account for the fact that the real process is not isentropic, the
compressor isentropic efficiency, ηc, is introduced and defined as:

ηc =
isentropic work

actual work
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Figure 4.2 Figure illustrating the difference between an isentropic and a real compression
process.

Below, two versions of this definition are stated; ηcTT and ηcTS where the sub-
scripts TT and TS denotes Total to Total and Total to Static respectively.

ηcTT =
h02s − h01

h02 − h01

=
T02s − T01

T02 − T01

ηcTS =
h2s − h01

h02 − h01

=
T2s − T01

T02 − T01

(4.4)

The right hand equality arise from the assumption of constant specific heat cp. The
difference between the above expressions is the pressure of the compressed air in
the final state. The outlet pressure has both a static and a dynamic part, where
the latter originate from the kinetic energy in the air flow. This is also illustrated
in figure 4.2, where index 2 refers to the static part and 02 to the sum of the static
and the dynamic part, called the total or stagnation pressure. If it is assumed that
this kinetic energy can be utilized by the engine, which can be realistic for some
compressor types, ηcTT can be used. However, due to the relatively large volume
of the intake manifold, the speed of the compressed air is low and therefore one
assumes that only the static part of the pressure is utilized. Therefore ηcTS is a more
correct measure of the efficiency in our case. No matter which of the expressions
for the efficiency is chosen, it relates the isentropic and the actual temperature
change as:

∆Tis = ηc∆T (4.5)
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so that the relation between pressure ratio and actual temperature change over the
compressor becomes

p2

p1

=

(
1 +

ηc∆T

T1

) γ
γ−1

(4.6)

or similarly, since ∆T = ∆h
cp

:

p2

p1

=

(
1 +

ηc∆h

T1cp

) γ
γ−1

(4.7)

If the compressor is considered to be a steady-flow, open system, it can be analyzed
as in appendix B.2. Neglecting heat transfer with the surroundings, change in
potential energy and using the concept of total enthalpy, the expression for the
first law of thermodynamics is reduced to:

−Ẇ = ṁ (h02 − h01) = ṁ∆h (4.8)

Dividing by ṁ, it is seen that the enthalpy change over the compressor is in fact
equal to the specific power input to the compressor required to bring the air from
state 1 with temperature T01 and pressure p01 to state 2 with temperature T02 and
pressure p02. This observation is used in section (4.2.4) to identify what factors
affect the enthalpy change.

4.2.3 Compressor Measurement Procedures

When the turbocharger is connected to the engine it is difficult to keep e.g. the shaft
speed constant while investigating the dependence of pressure ratio on air mass
flow. Therefore the stationary efficiency model for the compressor is based upon
data from flow bench tests made by the manufacturer. A typical compressor map
is shown in figure 4.3. Lines of constant compressor efficiency are superimposed
in the same diagram as the speed lines.
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Figure 4.3 Typical compressor map. For each speedline there are two limits to the range
of flow. The upper limit is due to choking, when the flow reaches the velocity of sound at
some cross section. In this regime no further flow increase can be obtained by reducing the
compressor outlet pressure and the speedline slope becomes infinite. The lower limit is due
to a dangerous instability known as surge [13]. During surging a noisy and often violent
flow process can occur causing cycle periods of back flow through the whole compressor and
the installation downstream the compressor.

For validation purposes the following experiment was performed:

• ṁair, Taf, Tcomp, paf and pcomp were measured for different engine speeds
and throttle plate positions.

• N ranges from 1500 rpm to 4500 rpm with steps of 500 rpm.

• α is varied in the entire engine working area.

• The parameters of interest were measured during 3 seconds and then aver-
aged after waiting 10 seconds between each change in operating condition
for stabilization of pressures.

correlation U2
c Uc Ucṁair ṁ2

air ṁair

∆h 0.9326 0.9278 0.6556 0.4272 0.4082

Figure 4.4 Correlations for enthalpy change over compressor.
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4.2.4 Pressure Model

Using (4.6) together with (4.7) gives the following enthalpy change over the com-
pressor;

∆h0c,s = cp∆T = cp(Tcomp − Taf) (4.9)

Looking at the correlations with enthalpy given in table 4.4, supports this hypoth-
esis as both U2

c and Ucṁair, are highly correlated with ∆h. Using this insight and
adding ṁ2

air as a correction factor, a simple model for the enthalpy change is given
by

∆h0c,s

cp

= U2
c

(
s1

(
ṁair

Uc

)2

+ s2

(
ṁair

Uc

)
+ s3

)
(4.10)

A least square fit gives the coefficients si. If (4.10) is put into (4.3), with the appro-
priate indices, a model for the pressure gain over the compressor for lower turbine
shaft speeds is given;

pcomp

paf

=

(
1 +

∆h0c,s

cpTaf

) γ
γ−1

(4.11)

The above enthalpy model was found simply by looking at the correlations, with-
out requiring any physical insight. However the specific energy required for isen-
tropic compression is given by subtracting the losses from the specific energy in-
puts;

∆h0c,s = ∆h0c − ∆hloss ' ∆h0c − (∆hfrict + ∆hinc) (4.12)

The level of specific energy input, ∆h0c, is proportional to the squared blade tip
speed, and the dominant compressor losses, ∆hloss, stem from blade incidence
losses and viscous friction. Friction loss is only mass flow dependant, whereas
incidence loss also depends on compressor speed, hence all predictors in (4.10)
could be explained by physical means.

Müller states that a successful model in general can not be constructed by in-
dependently modeling s1, s2 and s3. In fact he finds that there is a physical rela-
tionship between s1 and s2 that should be utilized. By using the mass flow rate
ṁair,top for the maximum ∆h0c,s Müller finds a dependence between coefficients
and uses this dependence to implement the following model;




s1 = s1,2U2
c + s1,1Uc + s1,0

s2 =
2s1ṁair,top

Uc

s3 = s3,2U2
c + s3,1Uc + s3,0

with
ṁair,top = m2U2

c + m1Uc + m0
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As we have no possibility to calculate ṁair,top with the data supplied to us from
the manufacturer, we could not make any appropriate tests of this model. A slight
suspicion though is that the main improvement that Müller found is due to the
new set of regressors (U4

c, U3
c, U2

cṁair, Ucṁ2
air and ṁair) added to the model.

As explained in appendix B.1 it is hazardous to introduce to many and highly
correlated regressors.

To gain a better understanding of the compressor, a study of the velocity trian-
gles is made. This gives the relationship between the enthalpies in (4.12). Velocity
triangles at the entry, eye, and exit, tip, for the general case of the impeller with a
prewhirl axial inducer and backsweep blades are shown in figure 4.5 . The incom-
ing air arrives at the impeller eye at an absolute velocity C1. Since the inlet velocity
triangle at the eye hub will differ from that at the eye tip, a mean representative
value must be considered, this will occur at the eye diameter that divides the eye
into a annuli of equal area, D1. At this diameter the tangential velocity of the im-
peller is U1. The axial component of the absolute velocity, C1, of the air entering
the inducer is Cθ1

, and the velocity relative to the inducer blade is W1. The opti-
mal inlet angle is denoted βopt. At the impeller tip the air leaves at an absolute
velocity C2. The impeller tip speed is Uc, and the air velocity relative to the rotor
blades is W2.
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Figure 4.5 Velocity triangles for compressor (In most literature Uc is referred to as U2).

Assuming that a separation of viscous friction losses into those stemming from
the impeller and diffuser are not necessary, yields the following simple model for
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friction losses.

∆hfrict = c1ṁc2

air =
[

choose c2 = 2
]

= c1ṁ2
air (4.13)

A simple model for incidence loss is presented in [13]. By assuming that kinetic
energy loss is associated with the destruction of the tangential component of W1,
as the fluid adapts to the blade direction, that is the tangential component Wθ1

which is the difference between actual incidence direction and ideal, the incidence
energy losses are given by

∆hinc =
1

2
W2

θ1
(4.14)

Looking at figure 4.5 and using some geometry gives

Wa
θ1

+Cr1

U1−Cθ1
= tan(βopt) ⇒

Wa
θ1

= (U1 − Cθ1
) tan(βopt) − Cr1

furthermore

Wθ1
= Wa

θ1
cot(βopt) = U1 − Cθ1

− Cr1cot(βopt)

hence (4.14) could be formulated as:

∆hinc =
1

2

(
U1 − Cθ1

− Cr1
cot(βopt)

)2

=

=
1

2

(
U2

1 − 2U1Cr1
cot(βopt) + C2

r1
cot2(βopt) +

+Cθ1
(Cθ1

− 2U1 + 2Cr1cot(βopt))
)

Compressors with axial inlet flow have no inlet prewhirl in the ideal case. Assum-
ing that conditions are close to ideal the inlet prewhirl is set to zero, Cθ1

= 0;

∆hinc =
1

2

(
U2

1 − 2U1Cr1
cot(βopt) + C2

r1
cot2(βopt)

)
(4.15)

The ideal enthalpy change is given by;

∆h0c =
Ẇ

ṁair

= UcCθ2
= U2

c

(
1 −

Cr2

Uc

cot(β2b)

)
(4.16)

Moreover the absolute velocity of the air leaving the impeller tip is given by

Cr1 =
ṁair

ρ1A1
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where A1 is the inducer inlet cross sectional area and ρ1 is the compressor inlet
static density. Furthermore U1 is related to Uc as the D1 is related to the impeller
tip diameter D2;

U1

Uc

=
D1

D2

Using the equalities above and inserting (4.13), (4.15) and (4.16) into (4.12), and
after some algebraic manipulation and identification with (4.10) it gives;




s1

cp
= −

(
cot(βopt)

ρ1A1

)2

+ k2 = k2
1 + k2

s2

cp
= D1

D2

(
cot(βopt)

ρ1A1

)
= k1k3

Using the relationship between s1 and s2 the following model may now be formu-
lated;

∆h0c,s

cp

= U2
c

(
(k2

1 + k2)

(
ṁair

Uc

)2

+ k1k3

(
ṁair

Uc

)
+ k4

)
(4.17)

where ki are constants. As can be seen both (4.10) and (4.17) have the same predic-
tors and degree of freedom. The difference is that the latter one was derived from
physical relationships. Either of the two models may be used with the same result,
but as (4.10) has less coefficients it is to prefer.

Figure 4.6 shows validation data for (4.10). The model has an average error of
around 3.65%. Note that for very small pressure losses, relative errors may become
very large due to division by a small number. If the relative error is calculated
for the pressure ratio instead this problem is avoided. Such an approach gives
an average error < 0.5%, which is also the case for pressure models presented in
previous chapters.

4.2.5 Efficiency Model

Looking at figure 4.2 it is clear that the isentropic and ideal enthalpy change has
the same characteristics, and as described in section 4.2.2 the efficiency is defined
by the ratio between the two enthalpies, see equation (4.4). Using equation (4.10)
for the isentropic enthalpy change and dividing with the real enthalpy changed,
modeled by

∆h0c = b1ṁair + b2ṁairUc + b3U2
c + b4Uc + b5

gives the following nonlinear model for the efficiency

ηC,TS =
∆hc,s

∆h0c

=

U2
c

(
s1

(
ṁair

Uc

)2

+ s2

(
ṁair

Uc

)
+ s3

)
b1ṁair + b2ṁairUc + b3U2

c + b4Uc + b5

(4.18)
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Figure 4.6 ’x’ denotes actual value and ’o’ model value. The upper figure shows valida-
tion of pressure model. Validation for these model is based on experiments on Vehicular
Systems engine, while the bottom figure, which shows validation of normalized efficiencies
for speedlines up to 140000 rpm, is validated with data supplied by the manufacturer.

Fitting this model to the speed lines up to 140000 rpm gives an average error of
0.89% and a maximum error of 2.25% in this region (see figure 4.6).

It could be reasoned that a model with the same parameterization for the isen-
tropic as for the real enthalpy change, with different constants, should give a good
model for the efficiency. Nevertheless this approach was not successful. It should
be noted that this model is pretty complex, and therefore it is of great interest to
further develop it. It might be a good idea to use a performance map instead of
(4.18).
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4.2.6 Compressor Summary

∆h0c,s

cp

= 10−5U2
c

(
s1

(
ṁair

Uc

)2

+ s2

(
ṁair

Uc

)
+ s3

)

Uc =
Nt

60
D2

pr,c =
pcomp

paf

=

(
∆h0c,s

cpTaf

+ 1

) γ
γ−1

ηC,TS =

U2
c

(
s1

(
ṁair

Uc

)2

+ s2

(
ṁair

Uc

)
+ s3

)
b1ṁair + b2ṁairUc + b3U2

c + b4Uc + b5
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4.3 Turbine

The flowing exhaust gases propels the turbine, which via the turbine shaft deliv-
ers power to the compressor. In this section models for exhaust expansion ratio
and the turbine isentropic efficiency will be developed. These are used later on in
section 4.4 together with the compressor models to calculate an expression for the
turbine shaft speed.

4.3.1 Physical Relationships for the Turbine

The turbine works in the same way as the compressor, only in the reverse mode.
Thus the physical relationships in section (4.2) is valid for the turbine too but is
repeated here for convenience, with the correct indication. The expression for the
expansion ratio is:

p4

p3

=

(
T4,is

T3

) γ
γ−1

where 3 and 4 denotes inlet and outlet respectively. As for the compressor, a mea-
sure of the efficiency is introduced to account for deviation from an isentropic pro-
cess. For the turbine it is defined as the actual work output divided by that from a
reversible isentropic expansion between the same two values of the pressure:

ηt =
actual work

isentropic work

Again this definition can be stated in two versions depending on whether or not
the kinetic energy in the final state can be utilized. If that is the case, use ηtTT , if
not use ηtTS. Only the latter definition is printed out since it is the most realistic
and most commonly used.

ηtTS
=

h03 − h04

h03 − h4s

= [cp = constant] =
T03 − T04

T03 − T4s

=
−∆T

−∆Tis

(4.19)

In order for the last equality to be valid, the specific heat cp for the exhaust gas
must be considered as a constant. However in the temperature range of interest cp

may vary significantly, so that cp is taken as the mean value of that at temperature
T3 and T4.

p4

p3

=

(
1 +

∆T
ηt

T3

) γ
γ−1

(4.20)

4.3.2 Turbine Measurement Procedures

There are situations when it is desirable to reduce the compression ratio of the
intake air. For example, when the engine is not running at full load, and the throttle
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plate is only partially open, the largest portion of the total pressure loss in the entire
intake system is due to the passage past the throttle plate. Therefore no positive
effect is accomplished by compressing the air in this case. Another scenario is
that the turbocharger is supplied with too high exhaust air mass flow and will
overspeed. To accomplish this reduction in the pressure ratio, some amount of
the exhaust gas is passed by the turbine to the exhaust pipe, reducing the turbine
shaft speed and thus the power supplied to the compressor. The bypass valve or
waste gate is governed by a controller so that the portion of the exhaust gases that
flow through to the turbine can be controlled in a way that enables safe engine
operation.

As the actual mass flow through the turbine can not be measured in the labora-
tory, it is desirable to disengage the wastegate in order to calculate correct models.
However, this is not done in this project, instead data supplied by the manufac-
turer is used to develop the pressure and efficiency models below.

4.3.3 Turbine Isentropic Efficiency Model

Using the total to static efficiency definition in 4.19 and, with the same reason-
ing as for the compressor, modeling the isentropic and the real enthalpy change
respectively, the following expression for the turbine isentropic efficiency is found:

ηt,TS =

U2
t

(
s1

(
ṁturbine

Ut

)2

+ s2

(
ṁturbine

Ut

)
+ s3

)
b1ṁturbine + b2ṁturbineUt + b3U2

t + b4Ut + b5

(4.21)

This model gives an average error of 0.41% and maximum error of around 1.0%
for manufacturers data for the four lower speed lines (Shaft speeds below 140000

rpm). As no appropriate tests could be done at our test bench a validation fig-
ure is not presented. However the same remarks on model complexity as for the
compressor efficiency are valid, see section 4.2.5.

4.3.4 Pressure Model

As figure 4.7 shows, it exists a nearly linear relationship between mass flow and
pressure ratio for the turbine. And the relation is practically independent of tur-
bine shaft speed. That is the following model should be suitable;

pr,t =
pturbine

pexh

= 1 + r2ṁ2
turbine + r1ṁturbine (4.22)

To make the model more general, volume flow should be considered instead of
mass flow as explained in earlier sections, but as we do not know the molar gas
constant, R, for the exhaust gases this is not done. The resulting model (4.22) has
an average error less than 1.5%.
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Figure 4.7 Pressure ratio plotted versus mass flow for different turbine shaft speeds. Note
that the relationship is almost speed independent of the shaft speed.
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4.3.5 Turbine Summary

ηt,TS =
∆ht,s

∆h0t

=

U2
t

(
s1

(
ṁturbine

Ut

)2

+ s2

(
ṁturbine

Ut

)
+ s3

)
b1ṁturbine + b2ṁturbineUt + b3U2

t + b4Ut + b5

Ut =
Nt

60
D2,t

pr,t = 1 + r2ṁ2
turbine + r1ṁturbine
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4.4 Turbo Dynamics

4.4.1 Turbine Shaft Speed

In the previous sections models for the compression ratio and the expansion ratio
for the compressor and the turbine respectively, were developed. In order to con-
nect the two submodels, a relation describing the turbine shaft speed is needed.
For this purpose the following balance equation, expressing the conservation of
energy, is used:

Produced power − Consumed power = Stored energy per unit of time

Applying this to the turbo charger gives:

d

dt
E = Ẇprod − Ẇcons (4.23)

where Ẇprod and Ẇcons denotes the power produced by the turbine and the
power consumed by the compressor respectively and E is the energy stored in
the rotating parts of the turbo charger.

If the turbine and the compressor is treated as two separate thermodynamic
systems, Ẇprod and Ẇcons can be calculated from the first law of thermodynam-
ics, as stated in appendix B.2. Again the heat transfer with the surroundings and
change in potential energy is neglected.

−Ẇ = ṁ (h02 − h01) = ṁcp (Tout − Tin) = ṁcp∆T (4.24)

Starting with the calculations for the compressor for which the net amount of pro-
duced power is negative, i.e. the compressor consumes energy, that is Ẇcons=−Ẇ,
equation (4.6) can be rearranged to express temperature change in terms of pres-
sure ratio.

∆T =
Taf

ηc

((
pcomp

paf

)γc−1
γc

− 1

)

so that equation (4.24) takes the form:

Ẇcons = ṁccp,cTaf

1

ηc

((
pcomp

paf

)γc−1
γc

− 1

)
(4.25)

For the turbine, the net amount of produced energy is positive and thus Ẇprod=Ẇ.
From equation (4.20):

∆T = Texhηt


(pturbine

pexh

)γt−1
γt

− 1
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Finally, the expression for the produced energy becomes:

−Ẇprod = ṁtcp,tTexhηt


(pturbine

pexh

)γt−1
γt

− 1


 (4.26)

The stored energy, E, for a rigid body rotating with angular velocity ω about a
fixed axis is:

E =
Iω2

2

where I is the moment of inertia with respect to the axis of rotation and is constant
for the specific body studied. Differentiating this relation with respect to time gives
the stored energy per unit of time:

d

dt

(
Iω(t)2

2

)
= Iω(t)ω̇(t) (4.27)

Inserting (4.26), (4.25), (4.27) in (4.23), the final expression for the turbine shaft
speed model becomes

Iωω̇ = ṁtcp,tTexhηt


(1 −

pturbine

pexh

)γt−1
γt


−

−ṁccp,cTaf

1

ηc

((
pcomp

paf

)γc−1
γc

− 1

)

Note that in the above expression it is assumed that the turbo charger friction is
included in either ηt or ηc, otherwise the power loss by friction must be included
explicitly. The shaft speed equation can be converted to express the dynamic be-
havior in terms of revolutions per minute, rather than radians per second, by using
the following relation:

Nt =
60ω

2π
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4.4.2 Turbine Shaft Speed Summary

Iωω̇ = Ẇprod − Ẇcons

Ẇprod = ṁtcp,tTexhηt


(1 −

pturbine

pexh

)γt−1
γt




Ẇcons = ṁccp,cTaf

1

ηc

((
pcomp

paf

)γc−1
γc

− 1

)

Conversion from
rad

s
to rpm :

Nt =
60ω

2π

Remark: The turbo charger friction is assumed
to be included in either ηt or ηc.



Chapter 5

Engine

In this chapter the standard models for fuel dynamic, engine torque and engine in-
ertia are presented briefly. This is done to get a picture of how the engine operates.
However only a model for the injected fuel at stationary conditions is completely
developed and validated. For a more thorough presentation please refer to Nielsen
and Eriksson [19].

ṁfi-
Fuel

Dynamics
ṁfc - e−sτbc -ṁexh,c

?
e−sτM

?
Engine
Torque

?
+
+

-Mload − - Engine
Inertia

-N

Figure 5.1 Schematic picture of the subsystems that are included in this chapter.
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Figure 5.2 Fuel mass in to one cylinder as function of injection time. ’x’ marks measured
values and the line marks model values.

5.1 Fuel Dynamics

Fuel is injected to the engine just before the inlet valve and enters the cylinder to-
gether with the air when the intake valve is opened. The amount of fuel injected is
given by the fuel injection time as described below. However not all of the injected
fuel is inducted immediately to the engine as some of it is deposited in the intake
either as a film or as a puddle. This phenomenom is referred to as wall wetting and
has been proposed as for partly explaining the dynamic response from a step in
fuel injection time, tinj, to the measured λ (the other part of the explanation is the
dynamic in the sensor).

5.1.1 Fuel Injection

The fuel flow into the cylinder is governed by an electrically controlled valve. The
fuel injector opens one time each revolution, and the closing time for the injector is
usually timed to occur before the inlet valve opening. The amount of fuel injected
is proportional to the injection valve opening time, tinj, less a lumped opening and
closing time. The opening and closing times of the valve, t0, depend on the battery
voltage, ubatt, since the opening of the valve depends on the current through the
solenoid that opens it. When the current is shut off the valve is closed by a spring.

mfi = c (tinj − t0(ubatt)) (5.1)

Averaging the injected fuel over a cycle and multiplying with the engine speed,
yields the fuel flow.

ṁfi = Nmfi = Nc (tinj − t0(ubatt))
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Figure 5.2 shows a validation of how good the model approximates the inducted
fuel.

5.1.2 Wall Wetting

A popular description of the fuel dynamics due to wall wetting is given by Aquino
[21]. When fuel is injected some fraction X of it is deposited on the wall and forms
a fuel film (some times also called fuel puddle), while the rest (1 − X), mixes with
the air. Evaporation is assumed to be proportional to the area of the film, which in
turn is assumed to be proportional to the mass in the film, mfp. The change in this
fuel puddle mass is the deposited mass, Xṁfi minus the mass evaporated from the
puddle, 1

τfp
mfp:

dmfp

dt
= Xṁfi −

1

τfp

mfp

The fuel flow into the cylinder, ṁfc, is the sum of the part that goes directly from
injection, (1 − X)ṁfi, and the part that is evaporated, 1

τfp
mfp:

ṁfc = (1 − X)ṁfi +
1

τfp

mfp

Both X and τ depend on the engine state as well as fuel properties. That is even
though everything around the engine is kept constant, the parameters still change
with operating condition. This is due to the fact that evaporation depends on the
air flow passing the deposits. A simple model for this is to let the parameters be
stationary functions of operating point (N, pman). If experiments are performed
to map X and τ and models are developed for them the above expressions may be
used to calculate the (A/F) mixture that enters the cylinder:

λ =
ṁair,c

ṁfc

1

(A/F)s

(5.2)
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5.1.3 Fuel Dynamics Summary

ṁfi = c0N(tinj − τ0)
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5.2 Engine Torque

The torque is a measure of an engine’s ability to do work and is normally measured
with a dynamometer; power is the rate at which work is done. It follows that the
power P delivered by the engine and absorbed by the dynamometer is the product
of torque and angular speed:

P = 2πNT (5.3)

where N is the crankshaft rotational speed. Ideally all the heat stored in the fuel
may be converted to power, that is the delivered power is given by taking the
product of the heating value of the fuel, Qfuel = QHV = 47 [MJ/kg] for isooctane,
and the fuel mass flow through the cylinders, ṁfc. However there will be losses
during the energy conversion, thus we have to multiply with the fuel conversion
efficiency, ηf:

P = Qfuelηfṁfc (5.4)

Finally if (5.3) and (5.4) are combined a model for the engine torque is given:

T =
Qfuelηfṁfc

2π(N/60)
= T ṁfc

N
(5.5)

where the constant T is found by a least square fit.

5.3 Engine Inertia

The driving torque from combustion, Mcomb, depends on the operating condi-
tions, the air/fuel ratio, and the ignition timing. The rotational dynamics for the
crank shaft is given by Newton’s second law by subtracting the friction torque,
Mfric, and external load from the vehicle, Mload, from Mcomb:

J
dw

dt
= Mcomb(pman, N, λ, θig) − Mfric(N, pman) − Mload

The combustion and friction torques can be lumped together to Me and when not
considering variations in the spark advance, θig, this yields the following equation
for the crank shaft model

dN

dt
= C · (Me(pman, N, λ) − Mload) (5.6)

If the time delay, τM, from the time that fuel is injected to that when torque con-
tribution can be detected at the crank shaft is considered, an experiment may be
performed to find the constant C.
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Chapter 6

Summary

6.1 Conclusions

A structure for an MVEM, consisting of several submodels, suitable for the sta-
tionary case is developed. Pressures, temperatures, efficiencies, rotational speeds
and gas mass flows, are used to interconnect the submodels. Stationary models for
most of these, namely the air filter, intercooler, throttle, engine, compressor, and
turbine, is then developed and summarized.

To get as general models as possible, most models are based on well known
physical relationships, with appropriate simplifications made, but when this ap-
proach fails, or is insufficient, black box models are used. These models are found
by using the theory for multiple regression. The dynamic behavior for the intake
manifold and turbine shaft speed is studied and modeled.

Except for the turbine and turbine shaft models, that can not be validated due
to limited control over the exhaust gas flow through the turbine, all the validated
models have a relative mean error below 2%, which is a satisfying result.

6.2 Future Work

The stationary models on the the turbo charger, waste gate and catalyst, should be
further developed and tested for dynamic data. It is also desirable to get a better
knowledge and understanding of the temperature behavior, especially on the ex-
haust side. Furthermore it is of great interest to develop models for the dynamic
behavior of all components, and for completeness a study of how ambient condi-
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tions affect the system is needed. When this is done an exciting possibility would
be to implement all the submodels in one or several suitable simulation environ-
ments, such as Simulink, Modelica or Dymola and develop a model library. These
models may then be used as stand alone components for simulation, control, or di-
agnosis purposes, or interconnected to each other to form a complete Mean Value
Engine Model.
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Appendix A

The System

Engine Specifications The engine is a standard Saab 2.3 liter SI engine with low
pressure exhaust turbo charger equipped with extra sensors for measurements of
pressure, temperatures, etc.

Engine type: Saab B235E
Cylinders: 4
Firing order: 1-3-4-2
Valves: 16
Displacement: 2.3 liters
Bore: 90 mm
Stroke: 90 mm
Compression ratio rc = V

Vc
9.3

Maximum Engine Power: 125 kW
Maximum Engine Torque: 210 Nm

Brake DYNAS2. Maximum effect 220 kW. The brakes torque and speed can be
read manually or through VXI.

VXI HP-VXI1 One HP8491A controller, one HP1433 for fast collection of data
(8 channels, 196 kSampels/s per channel) and a slower module HPE1415A (32
channels, 2.5 kSampel/s per channel).

1VME bus eXtensions for Instrumentation. VME is an industrial standard for instruments.
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Trionic T7 Engine system.

App7 Software that uses CAN2 i used to read parameters in the engine system
Trionic.

2Controller Area Network



Appendix B

Theory

In this appendix some of the theory needed to understand this master thesis is
presented. This should be a repetition from undergraduate courses. References to
appropriate litterature is given in each section.
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B.1 Multiple Linear Regression

A rather simple approach for modeling, without having full physical insight, is
to use multiple linear regression, which is a standard method presented in most
fundamental courses in statistics for undergraduate level. A brief introduction to
this method is given below.

Assume we have input signals x1, x2, . . . , xk, and an output signal y. If the
absolute value of the correlation between xi and y is close to 1, then multiple linear
regression might be a good way to find a suitable model. In the general case it
is desired to explain the variations in the response variable y using a number of
predictors x1, x2, ..., xk. If we formulate the following relation

y = a0 + a1x1 + a2x2 + ..... + akxk

and then collect observed data:

(x11, x12, ..., x1k, y1) , (x21, x22, ..., x2k, y2) , ..., (xn1, xn2, ..., xnk, yn)

this may be used together with the Least Squares Method (LSM) to calculate the co-
efficients a0, a1, a2, ..., ak, that gives the model. It should be noted that by adding
more predictors a better fit to collected observed data may be found, but a great
hazard by doing this is that the model might lose extrapolating capabilities and
thus generality. In other words the model will be very well suited to “predict” the
already observed data, but bad at predicting new data. Several tests have been
developed to decide if a predictor should be accepted or not, but are not presented
here. For a more thorough description, see e.g. [25], [26], or [27]. Below a very
basic example on multiple linear regression follows.

Example B.1 To develop a model for the amount of fuel injected to a cylinder
an experiment was performed. During the experiment the following parameters
where measured:

y = fuel mass, mfi

x1 = engine speed, N

x2 = fuel injection time, tinj

Thereafter y was plotted versus x1 and x2:
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It is obvious from the figures that x1 is a bad predictor for y, while x2 is very good.
This is also illustrated by looking at correlations:

y x1

x1 −0.2178

x2 0.9998 −0.2179

Thus it should be interesting to describe the injected engine fuel as a function of
the fuel injection time;

y = a1x2 + a0

or
mfi = a1tinj + a0

This is actually done in section 5.1.1 and the resulting model is validated in figure
5.2.
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B.2 Thermodynamics

On most undergraduate courses thermodynamics is presented from a statistical
point of view (This approach is taken by e.g. Kittel [1]). A more engineering di-
rected approach though is taken by e.g. Van Wylen, Sonntag and Borgnakke [3]
and Jones and Dugan [2], where thermodynamics is looked into from a macro-
scopic perspective. The latter book gives a very well structured and easy to read
presentation of thermodynamics and is highly recommended.

Thermodynamics is the science of energy. A thermodynamic system is defined
as any quantity of matter or any region of space to which we direct attention for
purpose of analysis. The quantity of matter or region of space must be within
the prescribed boundary. This boundary may be deformable or rigid; it may
even be imaginary. Thermodynamics is characterized by a few basic principles,
stated as postulates below.

Zeroth law If two systems are in equilibrium with a third system, they must be
in internal equilibrium with each other.

First law For any cycle of a closed system, the net heat transfer equals the net
work;

∮
δQ =

∮
δW (B.1)

This law is no more than a statement of the principle of conservation of energy.

Second law (Clausius statement) The second law has been stated in many dif-
ferent forms. However, if any one of the statements is accepted as a postulate, all
the other statements can be proved from this starting point. We shall use Clausius
statement; It is impossible for any device to operate in such a manner that it pro-
duces no effect other than the transfer of heat from one body to another body at
higher temperature.

Third law As the temperature of a pure substance approaches zero on the Kelvin
scale, the entropy of the substance approaches zero. Note that there are important
restrictions on the third law as stated here. However the important result is that
the third law makes it possible to determine absolute entropies.

The laws of thermodynamics are supported by a vast number of experiments; no
exceptions have been observed. Consequently, we accept them as laws of nature.
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B.2.1 Steady Flow System

A common assumption when analyzing thermodynamic systems is to say that
the fluid flow is steady and one-dimensional. If velocity, temperature, pressure
and other properties are uniform at each cross section flow is said to be one-
dimensional. From one cross section to another the properties may change, but
for each value of the coordinate (defined as distance in the direction of flow) there
is a single value of velocity, a single value of density and so on. Moreover, for a
steady-flow system all fluid properties must be independent of time. From this
definition the following necessary and sufficient conditions for a steady flow sys-
tem may be stated:

1. The properties of the fluids crossing the boundary remain constant at each
point on the boundary.

2. The flow rate at each section where matter crosses the boundary is constant.

3. The rate of mass flow into the system equals the rate of mass flow out. Con-
sequently, the amount of mass within the system is constant.

4. The volume of the system remains constant. The system boundary must be
rigid.

5. All interactions with the surroundings occur at a constant rate.

For the frequently encountered case of a single inlet and a single outlet the conti-
nuity equation, an equation that simply expresses the conservation of mass under
steady flow conditions, becomes

ṁ = ρ1V1A1 = ρ2V2A2

where the subscript 1 denotes inlet conditions and 2 outlet conditions, ρ is the
density and V velocity of the fluid, and A is the opening area at inlet and outlet
respectively.

B.2.2 Applied Thermodynamics for MVEM

For MVEM purposes the most interesting law is the first law statement, (B.1),
which is an energy balance;
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energy of
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(B.2)
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Figure B.1 Figure for analyzing a steady-flow, open system with one inlet and one outlet.

Work, W, done by the system is defined positive, while heat, Q, is accounted as
positive when it is added to the system. Using this and neglecting effects of elec-
tricity, magnetism, and surface tension, in equation (B.2) the first law of thermody-
namics for a steady-flow system with one inlet and one outlet becomes

Q̇ − Ẇ = ṁ

(
h2 − h1 +

V2
2 − V2

1

2
+ g(z2 − z1)

)

where h denotes enthalpy and z hight from a (properly chosen) reference point.
Figure B.1 is used for analysis of such a system. Dividing this equation by the
mass rate of flow, and neglecting the heat transfer with the surroundings and the
change in potential energy, the first law equation on a unit mass basis becomes:

−w = h2 − h1︸ ︷︷ ︸
Static

+
V2

2 − V2
1

2︸ ︷︷ ︸
Dynamic

= h02 − h01︸ ︷︷ ︸
Total

That is the work done per unit mass equals the change in total, or stagnation,
enthalpy, which is the sum of the static and dynamic part.

When performing measurements one must make sure to know if static, dy-
namic or total temperature is considered. For example if a fluid flows along a
straight wall the static pressure can be measured by means of a small opening in
the wall as the velocity component, and thus the dynamic pressure, equals zero
along the wall. Total temperature can be measured with a probe placed so that the
sensor is in contact with only the fluid that has been brought to rest isentropically.

B.2.3 Thermodynamic Properties

In this section some properties that are used in this thesis are presented.
The pressure p, specific volume v, and absolute temperature T of an ideal gas

are related by the ideal gas law

pv = RT (B.3)



B.2. THERMODYNAMICS 91

The gas constant is different for each gas is given by

R =
R̃

M

where R̃ = 8.31441 kJ
kmolK

and M is the molar weight of the gas kg

kmol
.

It follows from equation (B.3) that the internal energy u of an ideal gas is a
function of temperature only:

u = u(T)

Since the enthalpy h is given by u + pv, it follows also that

h = h(T)

The specific heats at constant volume and constant pressure of an ideal gas, cv

and cp, respectively, are defined by

cv =

(
δu

δT

)
v

=
du

dT

cp =

(
δh

δT

)
p

=
dh

dT

From equation (B.3) it follows that

cp − cv = R

The ratio of the two specific heats, γ, is a useful quantity:

γ =
cp

cv

For a perfect gas the heat capacity is a function of T only, however in limited tem-
perature intervals it can be considered to be constant. This is an additional restric-
tive assumption that is often use to simplify calculations, but is not a necessary
part of the ideal gas relationships.


